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Preface

This book arose out of a set of extramural lectures given by

the author at the University of Manchester throughout the

winter oT 1965 and the spring oT 1966.

Chapter 1 briefly reviews our concepts of classical dynamics

and mechanics and the picture of the structure of matter that

we obtain from these through the classical kinetic theory. In

Chapter 2 we turn our attention to Maxwell's electromagnetic

theory and its connection with the nature of light. We include

alsoashort review ofsome of the basic aspects of wave motion.

We deal next, in Chapter 3, with Einstein's special theory

of relativity and its implications for physical measurements.

Chapters 4, 5 and 6 respectively discuss the disagreement

between the classical theory and experiments on the inter-

action of radiation with matter, the attempts to patch up these

discrepancies within the ad hoc assumptions of the old quan-

tum theory and finally the rise of modern quantum mechanics.

We conclude with a pot-pourri of problems-some partially

solved, some very far from solution. In this final chapter I he

reader is given a glimpse of a few of the fascinating problems

confronting the modern physicist.

We have a I tempted to keep the amount of mathematics

used in this book to a minimum. However, in order to keep

the si?.e of the book within limits it has been necessary to use

some mathematical techniques which may not be familiar to

the reader. We have therefore included two appendices, the

first on vector analysis and the second on statistics.

Clearly, it is impossible to do justice to the subjects treated

here within the framework of such a small volume, and to

help the reader we have included a short bibliography where

further details may be found.
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1 . Classical Mechanics and

the Structure of Matter

INTRODUCTION

When we talk of modern physics we mean specific branches

of physics which have for their theoretical interpretation con-

cepts and ideas developed during the twentieth century. Thus

there are many physicists who arc working today on what are

certainly contemporary problems in physics, but which are

not problems in modern physics in the sense that the essential

theoretical concepts were, at least in principle, established

before the turn of the century.

The bases of classical physics, i.e. Newtonian mechanics,

Maxwell's theory of electromagnetism and the statistical

mechanics of Boltzmann, were derived from a common-sense

interpretation of the observation of phenomena in the

macroscopic world. By which is meant that they deal with

events which can be observed without a too sophisticated

extension of our natural senses. They deal with objects rang-

ing in size from those observable under an optical microscope

up to objects the size of the Sun; and with velocities ranging

from the state of rest up to the velocity of a planet in its orbit.

As man's technical skills have increased and he has attempted

to explain observations which are beyond this macroscopic

world, flaws have been discovered in the apparent universality

of the ideas of classical physics.

The theories of modern physics have been developed to

explain the observations beyond the normal limits of the

macroscopic world. When we discuss the structure of the

atom, an object much too small to be observed through an

optical microscope, we require quantum mechanics in place

of Newtonian mechanics. When we consider systems moving

1



2 THE RASIS OF MODERN PHYSICS

with velocities approaching that of light, we require to use

the theory of relativity in place of our usual concepts of space

and time. And when we deal with large numbers of subatomic

panicles, we require the statistics of Bose and Einstein or

Fermi and Dirac in place of the classical statistics of

Boltzmann.

It must be stressed that any theory of modern physics must

contain, as a limiting aspect of its nature, its counterpart in

classical physics in order to accommodate the considerable

successes achieved in explaining the macroscopic world.

Many of the objects discussed in modern physics arc them-

selves not directly observable, and their existence and nature

can only be inferred from the effects they produce; in particular

this is true of the whole world of subatomic particles. This

raises the question of what are, and what are not, observable

quantities. And if something is not observable, then what
physical significance, if any, can we ascribe to it? This becomes

particularly important when we discuss a 'gedanken' experi-

ment. This is an imaginary experiment which we might think

we could carry out if only we could obtain fine enough instru-

ments, or if some ideal experimental conditions could be

satisfied, but which in practice we shall never be able to

undertake. The theories of modern physics for the first time

set limits for the 'in principle' result of a measurement in such

an experiment. We must therefore ensure that when discussing

gedanken experiments the questions thai we ask do not violate

some fundamental statement of principle.

The central concept of physics is that of measurement.

The study of theoretical physics is concerned with establishing

relationships between the results of different measurements;

these relationships arc what we know as the laws of physics.

However, we must be careful not to extrapolate unquestion-

ingly these laws to realms outside the region of measurement

for which they have been established. In all cases these laws

are in some sense only an approximation valid within the

accuracy and realm of the measurements used to establish

them. We may, if we wish, believe that there is some ultimate

law and that as our experiments increase in accuracy and
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breadth we shall approach this by successive approximations.

However, a discussion of whether there is, or is not, some all-

embracing truth is not part of the study of physics but belongs

rather to the realm of metaphysics.

Before we begin an examination of the theories of modem
physics, let us briefly examine a few of the ideas of classical

physics.

CLASSICAL MECHANICS

Probably the simplest measurement we can make is one of

length. To measure the width of this page, for instance, one

would simply place a ruler along it and read off on a scale a

number which is related in a very specific way to some

standard unit of length, cither the standard yard or the

standard metre. However, often a simple measurement of

length is not a very useful number on its own. Suppose you

wish to travel from Edinburgh to London; it is certainly useful

to know that the distance between the two cities is 400 miles,

but before setting out on such a journey you would also

require to know in which direction to travel. A quantity

which can be completely described by a magnitude we shall

call a scalar. A quantity which requires for its complete

specification both a magnitude and a direction we shall call a

vector.

In order to describe how to get from point A to point B in

Fig. 1, one of the simplest procedures would be to travel a

units of length parallel to the bottom edge of the page and

then h units of length parallel to the side of the book. This

would take us uniquely from A to B.

Obviously any point in the page could be uniquely specified

relative to some fixed point O, called the origin, by giving

two numbers (x, y) representing the distance which we would

require to travel from O parallel to the bottom of the page

and then parallel to the side of the page in order to reach the

point. Thus the point A is represented by the two numbers

(*i. yi) and the point B by the numbers (x», y«). The vector

AB is then given by the two numbers a and b equal respectively

to 0tr2 -Xj) and O'i-J'i)- These two numbers are called the
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components of the vector, and the numbers {x, y) specifying

a point are called the co-ordinates of the point. The origin

together with the directions along which the co-ordinates are

measured arc said to form a frame of reference.

B (.vj.y,)

Fig. 1.

The most common frame of reference is, of course, the map
grid in an atlas which allows us immediately to give the

position of some geographical feature by reading off its

latitude and longitude (the co-ordinates).

Obviously, however, the latitude and longitude are not

sufficient to uniquely specify a point. For instance, suppose we
wish to specify the lop of the Empire State Building; in

addition to giving the latitude and longitude of the building

we should also have to give its height above street level. In

CLASSICAL MECHANICS AND THE STRUCTURE OF MATTER 5

other words, we require three co-ordinates to specify a point

uniquely; we say, then, that we live in a three-dimensional

world.

If, instead of specifying a point in space, we wish to specify

an event, then in addition to giving the three spatial co-

ordinates we are also required to say when the event took

place, i.e. to specify an event we must give four co-ordinates.

Thus, at least formally, we can say that we live in a four-

dimensional world. However, it is clear that this time co-

ordinate is in some very fundamental way different from the

three spatial co-ordinates. For while we may, at least in

principle, travel to any point in space, we may not travel to

any point in time. Starting at any event which has the time

co-ordinate 'now*, we may only proceed to those events

which have time co-ordinates in the future; all past events

arc inaccessible to us.

While it is clear that if we move from one co-ordinate

system to another the spatial co-ordinates of an event will

change, it is an assumption of classical physics that the time

co-ordinate will remain the same. We shall see in Chapter 3

that in the theory of relativity these distinctions between space

and time become somewhat blurred.

To measure the speed with which an object is moving, we
measure the distance between two points through which ihe

object passes and the interval of time which elapsed between

the object leaving the first point and arriving at the second.

Then the average speed of the object as it travels between the

two points is defined as the ratio of the spatial interval and
the temporal interval. We can then define the speed of an
object at a point as the limit of its average speed between two
points, as we make the spatial interval between the points

smaller and smaller.

If we specify, in addition to the speed of an object, the

direction in which it is travelling, we speak of its velocity, i.e.

speed is a scalar quantity and velocity is a vector.

In exactly the same way we can define the average rate of
change of the velocity of an object, as the ratio of the differ-

ence of the velocities at two points, to the time it took to go
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from one point to another; this is called the average accelera-

tion of the object. The limit of the average acceleration as we
bring the two points closer together is called the acceleration

of the object at the point. Obviously acceleration is a vector

quantity.*

So far we have only discussed the kinetics of our world. To
turn this into mechanics we must introduce matter into our

considerations. To do this, we require first a measure of the

amount of matter in an object; this measure we call the mass

of the object. Classically the definition of mass is given in

terms of the 'inertia' of the object, i.e. its resistance to a change

in its motion. To be more precise, if we define the momentum
of an object to be the product of its mass and velocity, then

to change the momentum (a vector) we must exert a force on

the object. We get our definitions right by equating the force

with the rate of change of momentum it produces.! Of course,

if the mass of the object is constant, i.e. independent of its

velocity as we might intuitively imagine, and as is always

assumed in classical physics, then the force is simply equal to

the product of the mass and the acceleration.!

When a force acts on an object and moves it, we say thai

the force has done work; the work done being equal to the

scalar product!} of the two vectors, the force and the distance

it moves. The capacity of any system to do work we call the

energy of the system. To be exact, what we have described is

mechanical energy. As wc shall see, there are many different

forms of energy and these can be changed from one form into

another. But, however we transform the energy, we always

find one astonishing fact, the total amount of energy is con-

served. There is another conservation law which has been

observed, and that is that the total momentum in any closed

system also remains constant.

* In Appendix A we present a bricl" review ol' the rules for mani-
pulating vectors and the definitions of various terms used in vector

analysis. Throughout (his book vector quantities will be represented by

bold-face letters. | Newton's Second Law of Motion.

J As wc shall see in Chapter !t, this velocity independence of mass is

only approximately true for velocities modi less than the velocity of
light. § Appendix A.
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These conservation laws have a much wider applicability

than simply classical physics, and they hold even in modern

physics. We shall return in the final chapter to examine their

origin and to discuss various other conservation laws.

Let us examine the concept of energy in slightly more

detail. Suppose we have a projectile which we fire at a target.

When the projectile strikes the target, the target experiences

a force which causes it to recoil, i.e. work has been done.

The capacity of the projectile to do this kind of work is called

its kinetic energy and depends entirely for its existence on the

fact that the projectile was in motion* Suppose, however,

we fire the projectile vertically upwards. It will rise to a certain

height and then fall back to the surface of the Earth again.

If we look at the projectile at the highest point of its journey

we find that it is momentarily at rest, i.e. it has lost all its

kinetic energy. But if the total energy is conserved, where has

it all gone? The answer lies in our neglect of the force which

has caused the projectile to come to rest, the force of gravity.

The projectile has been working against this force since it

left the ground. Wc say that the kinetic energy has been

converted into gravitational potential energy.t This potential

energy can, of course, be readily converted back into kinetic

energy by simply letting the particle fall back to the ground.

Suppose we were to carry out such an experiment, and we
measured the initial and final velocities of the projectile and
the height to which it rose, we could check the law of con-

servation of energy and we should find that it was violated,

* Classically the kinetic energy of an object is equal to half the BOSS
of the object limes the square of its velocity. This follows immediately
from the definition.

r r dy r
K.I.. I F.(/x -J

m..dx I iiiv.itv- 1 mV-

I'' force, m - mass, v- instantaneous velocity, V final velocity.

f If we assume that the force of gravity is constant over the region
of motion of the projectile, then the gain in potential energy is simply

i'.l . l-/( mgli

f 1'orcc of gravity, »i - mass, /t - height reached

H acceleration due U> gravity,
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i.e. wc should find that there is an apparent loss of energy

during the experiment. Where, then, has this lost energy gone?

If we were very observant we should notice that on its return

the projectile was warmer than when it left, as also would be

the air through which it has moved. Therefore, heat has been

generated by the work done against the ah resistance, Jf we
measured this heat energy we should rind that it exactly

balanced our loss of mechanical energy and restores our

conservation law.

Before we move on to discuss further the relationship of

thermodynamics to classical mechanics, let us pause and
consider this remarkable gravitational force. Newton's uni-

versal law of gravity states that every mass in the universe

attracts every other mass in the universe with a force which is

proportional to the product of the two masses and inversely

proportional to the square of the distance between them.

Strictly speaking, this law defines a new form of mass, the

gravitational mass, as opposed to the inertial mass discussed

above. However, the inertial and gravitational masses appear

always to be identical, and we shall not draw any distinction

between them.

The distinction between weight and mass should now be

clear. The weight of a body is a measure of the attraction of

that body to neighbouring gravitating masses, e.g. the Earth.

If the object is taken far enough away from other objects, it

will cease to have any weight (just as an astronaut in orbit

becomes 'weightless'). However, it will not have changed its

mass, which is simply a measure of the amount of matter in

the object.

We can write the law of gravitation as a particularly simple

mathematical formula.

F=G (1.1)

where F is the gravitational force, n^ and in, arc the gravitat-

ing masses, tl is the distance between them and G is a constant

called the universal gravitational constant equal to 6'6x 10-8

cgs units.
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In our initial discussion of forces we had a very clear

physical picture of the force being transmitted to the target

by the projectile, but obviously with gravitational forces we

are faced with something entirely new; action at a distance.

Two massive bodies may exert a gravitational force on one

another with no apparent physical connection between them;

what then transmits the force? The short answer is that we

do not really know. In the final chapter, where we briefly dis-

cuss the general theory of relativity, wc shall return to examine

this question from a different point of view.

A region of space in which a massive particle experiences a

gravitational force we call a gravitational field. The source

of the field is, of course, other massive bodies. Can we be

more explicit about what we mean by the field? Suppose we
have a test particle of mass m which we put at a point in space.

If it is in a gravitational field, it will experience a force F
which will produce in it an acceleration a. This acceleration

vector is not a function of any property of the test particle,

it depends on the position in space at which the particle is

placed. If we knew the value of a at every point in space, we
would know exactly the magnitude and direction of the force

acting on any particle introduced into the field; it is simply

F=ma (1.2)

where m is the mass of the particle. We talk, then, of a(x, y, z)*

being a vector field and call the value of the vector at any
point the field strength at that point.

It is sometimes more convenient, instead of ascribing a

vector to all points in space, to represent the field by a scalar.

Thus, instead of needing three components of a vector at

each point in space, we only need a single number. To obtain

such a scalar, let us consider the potential energy U(x, y, z)

of our test particle in the gravitational field, it is

U(x,y, *)= JF - dx = mja . dx=m V{xt y, z). (1.3)

* By writing a(x, y z) we mean that the vector a is a fundion of the
three spatial co-ordinates, a-, y and z.
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Once again wc sec that the scalar quantity V(x, y, s) is not a

function of any property of our test particle but depends only

on the point in space; V is called the potential of the field. It

is clear that to obtain the field strength we need only calculate

the gradient* of the potential.

There are, of course, many other potentials besides those

due to gravitational fields. Just as a particle can have an

intrinsic property which we call its mass, it can also have an

intrinsic property which we call its electric charge. However,

unlike masses which always attract one another, there arc

two types of electric charge, called positive and negative. The
law of force for charges is of exactly the same form as that

for gravitational forces, i.e. the force is proportional to the

product of the charges and inversely proportional to the square

of the distance between them, but the force is a repulsion in

the case of like charges and an attraction in the case of unlike

charges.

A charged particle can possess electrostatic potential

energy and can be said to move in an electrostatic field in

strict analogy with the gravitational case. In this case the

force on a charge c is

F=eE (1.4)

where E is the electrostatic field strength. Similarly, one could

go on and introduce magnetic fields and nuclear fields, etc.,

and these we shall study in later chapters.

So far wc have restricted our discussion to static fields, (hat

is, the field strengths and potentials depend only on the spatial

co-ordinates and not on the time. This implies that the sources

of the fields are in general stationary. In the next chapter we
shall investigate non-stationary fields.

Armed with the laws of classical mechanics and a know-

ledge of gravitational and electrical forces, wc are in a posi-

tion, at least in principle, to tackle any problem in classical

physics. We shall illustrate this by devoting the remainder of

this chapter to showing how we can obtain an explanation

for a few of the physical properties of matter.

* Appendix A.
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THE ATOMICITY OF MATTER

By the end of the eighteenth century the existence of a number

of distinct chemical elements and compounds had been

recognised. An clement is defined as a substance which cannot

by any further chemical treatment be split into simpler parts;

a compound requires the presence of a number of elements,

e.g. i he gases oxygen and hydrogen arc elements, but water

is a compound formed by the combination of oxygen and

hydrogen.

At first, the elements appeared to have random chemical

properties, but slowly order grew out of chaos, and by 1872

MendelcerT was able to order the elements in a table according

to their chemical characteristics. There were many gaps in

the original Periodic Tabic of the Elements, and to fill these

gaps Mendeleeff predicted the existence of many new elements

together with their chemical properties, all of which were

subsequently discovered experimentally.

The first observed fact about any chemical reaction is that

the total weight of the reaction agents remains unchanged.

In addition to this, there are two very startling regularities in

the way in which chemical substances react. Firstly, sub-

stances combine only in fixed simple proportions by weight,

e.g. one gramme of hydrogen combines with eight grammes

of oxygen to form nine grammes of water. Secondly, if two

elements can form more than one compound, then the ratios

of the weights of the elements in the compounds arc simple

integer multiples of each other, e.g. the ratio of the mass of

oxygen to the mass of hydrogen in hydrogen peroxide is twice

the same ratio in water.

These form what are known as the laws of constant and
multiple proportions.

In addition, for gases, not only is there a simple rule for

the reacting weights but also one for the volumes, e.g. two
volumes of hydrogen combine with one volume of oxygen

to form two volumes of water vapour, at constant pressure;

known as the law of constant volumes.

If elements could exist in arbitrarily sized units, we should
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not expect such regularities to exist. This led Dalton to sug-

gest lhat all elements arc constructed from basic units, or

atoms; small, indivisible, indestructible particles. The atoms
of a given element arc ail identical, but different from the

atoms of every other element. Compounds are considered to

be built out of molecules; that is, a fixed combination of

atoms of different elements. It should be noted in passing that

under certain physical conditions of temperature and pressure

some elements have a molecular rather than an atomic

structure, but in these cases all the atoms in the molecule are

identical.

The laws of constant and multiple proportions are im-

mediately explained by assuming that the atoms of an clement

have a characteristic weight, the atomic weight. To explain

the law of constant volumes requires one further assumption,

known as Avogadro's hypothesis, which states that equal

volumes of gas under the same physical conditions contain

equal numbers of molecules.

Along with the idea of an atomic weight we introduce a

corresponding molecular weight, being the sum of the atomic

weights of the atoms forming the molecule. These weights are

not usually measured in pounds or grammes but in units of a

standard atomic weight. The standard atom is taken to be

carbon, and it is said to have a weight of 12 units. On this

scale the atomic weight of hydrogen, the lightest of the

elements, is approximately 1, oxygen is 16, while the molecular

weight of water is 18. We can explain the oxygen + hydrogen

water reaction by saying lhat both oxygen and hydrogen

are formed out of diatomic molecules (to satisfy the law of

constant volumes), and one atom of oxygen combines with

two atoms of hydrogen to form one molecule of water.

We also talk about a mole of a substance; this being the

amount of the substance contained in its molecular weight in

grammes. Thus a mote of oxygen weighs 32 g. It is clear that

the number of molecules in a mole of a substance is a constant

for all chemical substances and that by the law of constant

volumes a mole of a gas will occupy a fixed volume, no matter

what the gas. The volume occupied by a mole is found to be

CLASSICAL MECHANICS AND THE STRUCTURE OF MATTER 1*

approximately 22-4 litres at normal atmospheric pressure and

at a temperature of
C
C. The number of molecules per mole

is called Avogadro's number and is usually denoted by N.

If one coots a mole of gas it at first simply contracts,

eventually becomes a liquid and finally a crystalline solid

(e.g. steam, water, ice). The volume of the solid can be

measured and should be approximately A' times the volume

of a molecule. The distance between molecules can be deter-

mined by X-ray diffraction techniques (sec p. 82) from which

the size of the molecules can be obtained and hence /V cal-

culated; the result is that N is approximately 6-025 x 1023 .

Since a mole of hydrogen weighs two grammes but contains

Ar molecules, each atom of hydrogen weighs approximately

I0"* 4
g. Also, since one mole of a gas usually contracts to a

solid volume of the order of its molecular weight in cubic

centimetres (e.g. 18 g ice occupy approximately 18 cm 3
), we

see that the maximum size of a simple molecule is of the order

of I0~ai cm 3
, i.e. it would take 100 million atoms laid side by

side to cover one centimetre.

Subsequently it has been discovered that if the elements

are ordered according to their atomic weights, then this

classification coincides with that of the Periodic Table.

That the atoms have associated with them electric charges

was discovered accidentally by Nicholson and Carlisle.

Instead of completing an electric circuit by joining two wires

forming part of the circuit, the two ends of wire were placed

in water, and a gas immediately began to be formed at the

negative electrode. This gas was quickly recognised as

hydrogen. Faraday examined this new phenomenon and soon

discovered that many substances decomposed on the passage

of an electric current through them. He recognised that there

was a definite quantity of electricity associated with each

atom, or ion, taking part in the electrolysis, as it was called.

From this, he was able to define a basic unit of electric charge,

the coulomb, being that quantity of electricity which liberates

O'OOl 1 180 g of silver in electrolysis. From this we obtain our

unit of electric current, the ampere, being the flow of one

coulomb of electricity per second.
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The study of the motion of the molecules in matter from

the point of view of classical mechanics forms the subject

material of the kinetic theory of matter. It is clear that we
could never hope to follow the motion of every single mole-

cule (6-025 xl02:l molecules per mole), and hence we shall

have to make approximations and use statistics to analyse

the behaviour of aggregates of molecules. We close this

chapter by examining a few simple systems and seeing what

the kinetic theory predicts for them.

THE KINETIC THEORY OF MATTER

The molecules of a substance arc in continual motion and

thus possess kinetic energy. It is this energy of the moving

molecules which is the form of energy that we know as heat.

We can then summarise the difference between solids, liquids

and gases as follows.

In a solid, the molecules arc localised about certain posi-

tions by their strong mutual attraction (electrical in origin).

As the temperature rises, the molecules vibrate more and more
strongly about these positions until at a critical temperature

the vibrations become so strong that they break the bonds

which maintain the rigid structure, i.e. the solid has melted,

and the substance becomes a liquid. In a liquid, the mole-

cules arc free to move at random, but the attractive forces

between them still limits them to move within a body of fixed

volume. If the temperature is raised still further, the motion

of the molecules will become so violent that those near the

surface of the liquid will escape. The liquid is now said to be

boiling. Above this temperature the substance will expand to

fill any volume available 10 it; it has become a gas.

The simplest system we could imagine would be a gas of

non-interacting molecules. The assumption that the inter-

action between the molecules is negligible is probably reason-

able in a low density system where the average spacing

between the molecules is large. The molecules will then travel

in straight lines at constant velocity until they strike the walls

of the vessel containing the gas. If we assume that no heat is

conducted away by the walls of the vessel, i.e. that the total
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energy of the gas is constant, then the collision of a molecule

with the wall will have to be clastic. That is, in order to

conserve its kinetic energy it will have to rebound into the

vessel with the same speed with which it struck the wall.

Let us picture an area of the vessel wall containing such a

gas (Fig. 2). Molecules will be continually striking it and

rebounding back into the body of the gas. If a molecule of

mass m has a component m, of its velocity in the direction of

the reference axis marked 1 in Fig. 2, which is perpendicular

to the wall of the vessel, it will bounce back into the vessel

having undergone a change of momentum 2m «,.

4

Fig. 2.
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Now suppose all the molecules have the same component of

velocity in the I direction, then the total rate of change of

momentum per unit area of the wall of the vessel will be

bk, x 2imii — Imuui' where n is the number of molecules per

unit volume. This, then, is the force per unit area on the wall

of the vessel, or simply the pressure of the gas. However, there

are some assumptions which are not quite realistic. Firstly,

not all molecules will have the same component of velocity,

and so we replace 8fc* by its average value denoted by {iti~}.

Secondly, only half the molecules will be travelling towards the

wall and so we drop the factor 2, leaving us with the expression

for the gas pressure

P=nm(uf). (1.5)

Now all directions of motion are equally probable, and

hence

<«r>-<«3
1>=<«3

2
>, (1.6)

while the average total velocity squared is

thus the expression for the pressure becomes

/•=inm{i; 2
). (1.7)

Consider one mole of a gas so that n-NjV where V is the

volume, thus

PV=}Nm(u s
), (1.8)

Now the total thermal energy of the gas is simply equal to

the number of molecules in the gas times the average kinetic

energy for each molecule. But the thermal energy of a system

is proportional to a quantity which we call its temperature;

hence we may write

mm(ti*)=CT (1.9)

where C is simply a constant known as the heat capacity of

the system. We now combine (1.8) and (1.9) to write

PV^NkT (1.10)

where k is a new constant called the Boitzmann constant and
Nk has the approximate value 2 cal deg-1 mole-1 .
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We see in equation (1.10) a complete statement of the

classical gas laws. Firstly, Boyle's Law (1660) which states

that for a fixed mass of gas at constant temperature the

product of the pressure and the volume arc constant.

Secondly, Charles's Law (1787) which states that for a fixed

mass of gas at constant pressure the volume is proportional

to the temperature.

Suppose, now, that the walls of the vessel are moving

inwards, then the molecules would gain kinetic energy on

collision with the walls, in the same way that a tennis ball

gains velocity when hit by a racket. Thus the average kinetic

energy of the molecules will rise; but since the average kinetic

energy is proportional to the temperature, this means that

the temperature will rise. Thus the gas will heat up if it is

compressed; this is commonly observed when using a bicycle

pump. Correspondingly, if the walls of the vessel move out-

wards there will be a fall in the average kinetic energy, and

hence the temperature will fall and the gas will cool on
expansion; this is commonly observed in an aerosol can which

cools considerably on use.

Does this mean that there is a net gain of energy when the

wall moves inwards and a loss of energy when the wall moves
outwards'.' The answer is no. When we take into account the

forces required to move the walls, we find that the total energy

is once more conserved. This emphasises once again the need

to consider the whale system when discussing the conservation

laws.

In Appendix B we discuss the statistics of large numbers of

particles, and here it will suffice to quote the result for the

classical statistics of Boitzmann. In any assembly of particles

(he number of particles with energy in the range Eto E+dE
is proportional to e

- *-'* 7- dE. This immediately implies

(Appendix B) that each term which enters the energy quad-

ratically will on average contribute -J&r to the energy of the

system, e.g. in the case of the non-interacting gas discussed

above the energy of a molecule is simply i//f("i
2 + "a

2 + "a") and

thus the average energy of the molecule will be ikT. Hence
the specific heat, i.c the heat capacity per mole of such a gas
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will be simply fWfr—'3 cal deg-1 mole"1
. For many monatoniic

gases at low densities this is, in fact, found to be a good

approximation. Suppose that we have a polyatomic gas, then,

in addition to the kinetic energy of the molecules, we can also

have rotations of the molecules or vibrations of the atoms

forming the molecule. These terms also contribute quadrati-

cally to the energy, and hence each additional degree of free-

dom adds iNk to the specific heat. Many gases arc found to

have specific heats which can be interpreted in this way.

However, the agreement only holds over a limited range of

temperature and pressure.

Let us leave gases now and consider what might happen in

a solid. Here the atoms are localised about certain points, and

their only freedom is that they can vibrate about these points.

Thus there will be three terms in the kinetic energy and

three terms in the potential energy entering the expres-

sion for the total energy, and we should expect the specific

heat of a solid to be 3i\"k~6 cal deg" 1 mole-1 . Duiong and

Petit over 100 years ago had established that many solids

have a specific heat of approximately 6 cal deg-1 mole-1 ,

but once again this law breaks down very badly at low

temperatures.

Finally, we consider the conduction of electricity in a metal.

As a model for a metal we shall consider a set of heavy masses

{the atoms) held in fixed positions by their mutual interaction,

and around these atoms we shall assume that there is a gas of

charged particles, each of charge e and mass m. Again wc

shall consider the gas to be of such a low density that collisions

between the particles arc much less important than collisions

between the particles and the atoms. If wc now apply a con-

stant electric field E to the metal, the charged particles will

all experience a force eE and will thus be accelerated. Thus a

current will start to How; the density of ihc eunvni I being

simply ne(v) where n is the number of particles per unit

volume and (v) is the average velocity. Now, if there is no

decelerating mechanism the average velocity will just increase

indefinitely and hence the current will increase indefinitely:

this is certainly not observed. However, the charged particles
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will collide with the atoms, and iTwe assume that immediately

after each collision the velocity of the particle is completely

random, i.e. the average velocity immediately after a collision

is zero, then the average deceleration due to the collisions is

simply (v)/t where t is the average time between collisions.

For a steady current this deceleration must be equal to the

acceleration produced by the field eE/jn and thus

e-r \iie2Tj

This is the well-known Ohm's Law of elementary electricity

which states that the current produced in a conductor is

proportional to the applied voltage (field strength).

There are many more examples of kinetic theory analysis

of the behaviour of matter. The above examples have been

chosen at random to indicate how an explanation of the

macroscopic behaviour of matter may be obtained from an

analysis of the microscopic particles from which it is formed.

However, in all cases the results of a kinetic theory analysis

are valid only for a limited range of physical conditions,

and always at low temperatures the agreement between theory

and experiment is destroyed.



2. Electromagnetism,

Light and Waves

THE ELECTROMAGNETIC FIELD

In the first chapter we briefly introduced the notion of electric

charges and fields. Let us examine these ideas in some more
detail. We know the field due to a static electric charge, it is

f— (2.1)

here <j> is the potential at any point a distance r from the charge

e. The electric field strength is obtained by taking the gradient

of this potential (Appendix A). Suppose now that I have a

number of charges i\, e%, . . ., what then is the field? Here

nature is very kind to us and presents us with a total field

which is simply the sum of all the individual fields; this is

known as the Principle of Superposition. For an extended

charge distribution of density p 1 can then write

$-v, y, z)> \P
(x\ y", z")

,

dy'dz'. (2.2)

We can obtain a very simple pictorial representation of the

electric field due to a single charge by drawing 'field lines'

emanating radially from the charge, the number of lines being

proportional to the charge (Fig. 3). We put arrows on these

lines to indicate the direction of the vector field, i.e. the arrow

point outwards for a positive charge and inwards for a nega-

tive charge. Now the area of a sphere of radius /* centred on

the charge will be proportional to f* and thus, since the total

number of lines is constant, the number of lines cutting unit

area or such a sphere will be inversely proportional to r s
.

We notice an interesting coincidence: the field strength pro-

20
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duced by a point charge is radial and inversely proportional

to the square of the distance from the charge, our field lines

are also radial and their density falls oft" as the square of the

Fig. 3.

distance. Hence we can use the field lines to give us a pictorial

representation of the field in which the arrows indicate the

direction of the field and their density indicates the field

strength. Clearly we could go on to construct analogous

pictures for more complex charge configurations.

In Appendix A we introduce the idea of the divergence of a

vector and define it mathematically. But, as its name would
suggest, it is simply a measure of the number of lines diverging

front a small volume at the point of interest. Clearly, if no
charge lies within this small volume the divergence will be
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zero, since just as many lines will enter as leave the volume.

We can choose to draw the number or lines per unit charge

so that the divergence of the field is equal to the charge density

at that point, or simply

div E(x,y, z) = p(x,y,z). (2.3)

Until now we have considered everything to be static, but

suppose we consider a system in which the charges arc moving,

A charge in motion is what we call an electric current; the

current being defined as the charge times its velocity. This

means that if the total electric charge is conserved the diver-

gence of the current j from a point is equal to the rate at which

the charge density p is decreasing at that point, i.e.

8/1
div i(x, y, z)= - £-(*, y, z, t). (14)

If the charges are in motion, then in general the electric

field strength will vary in time. Equations (2.3) and (2.4) show
that the time rate of change of the electric field will act exactly

like an electric current; called Maxwell's Displacement

Current if, i.e.

8/
(*,j>,z, /)=.!,,. (2.5)

Wc now introduce into our discussion a new field, the

magnetic field, Gilbert, in 1600, was the first to realise that

the Earth was a gigantic magnet and that the directional

properties of lodestone (the primitive compass) were due to

the Earth's magnetic field. Just as there are two types of

electric charge, there appear to be two types of magnetic

charges, or poles, as they are called. Because of their direc-

tional properties they are called simply north and south poles.

But whereas it is possible to produce an isolated negative

or positive electric charge, the magnetic poles always go
around in pairs; whenever there is a north pole there is a

corresponding south pole of equal strength.

It was early realised that there was some very intimate

connection between electricity and magnetism. Jn 1820
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Oersted showed that a magnet will always set itself at right

angles to a wire carrying an electric current. Shortly after-

wards Ampere observed that a small current loop behaves

exactly like a magnet. Today it is accepted that the sources

of all magnetism are electric currents. We can then see

immediately why there is always a north and south pole to-

gether, because every current loop has two sides; which is

the north side and which is the south depends only on which

way the current goes round the loop. The equation analogous

to (2.3) which relates the magnetic field strength B to a steady

current density j is

curlB=-j* (2.6)

where c is a constant; its value is chosen so that the electric

and magnetic units of charge are the same. If we have a time

dependent electric field present, then (2.6) is modified by (2.5)

to read

curl B-W (2.7)

Since north and south poles always occur together and are of

equal strength, the net divergence of the magnetic field must

be zero, i.e.

divB=0. (2.8)

To complete the results necessary for a full discussion

of electromagnet ism, Faraday, in 1831, showed that if a

magnet was moved in the vicinity of a conductor then a

current will flow in (he conductor. The exact relation between

the electric field and the magnetic field is given by

curl E= - 1 SB
(2.9)

Let us collect together all these important equations

divE = p,divB=0
(2.10)

• Jn Appendix A wc define what wc mean by the curl of a vector.
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curl
1 SB

curl E=— ri
c 8/

These are known as Maxwell's Equations. They contain all

there is to know about electromagnetism and represent per-

haps the most beautiful piece of mathematical analysis in the

whole of science.

Suppose we have a test charge which we place in an electric

field, and we now move the source charges so that the electric

field will change. How quickly docs it change, i.e. how long

is it before the test charge feels the effect of changing the

position of the source charges? To answer this, let us take the

curl of each side of Equation (2.9). In Appendix A we show

that curl (curl E)=grad (div E)-V*E. But div E=p, and if

we arc interested in the space between the source charges and

the test charges then here the charge density is zero. The right-

1 S
hand side of the equation becomes - „ curl B, but in

c ot

1 SE
a space where there arc no currents curl B= «-. Gathering

these results together we have

-, I SaE
V

c* St*
(2.11)

Equation (2.11) is the standard form of equation describing

a wave motion propagating with a velocity c. A similar result

holds for the magnetic field B. The constant velocity of

propagation of the electromagnetic field c is measured to

have the approximate value 3 x 1010 cm s
_1

.

Maxwell's equations also imply that the electric and mag-

netic vectors will be perpendicular to each other and to the

direction or propagation (Fig. 4).

In 1887 Hertz, stimulated by Maxwell's writings, discovered

waves which were definitely of an electrical origin emanating

from a region of rapidly changing electric field; these waves

we know as radio waves.

Let us make it clear what is happening. Suppose we have
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an electric charge at rest, it will be surrounded by a static

electric field. Now, if the charge is made to oscillate, ripples

will propagate in the electric field and also in the magnetic

field which is associated with the moving charge, just as when

V. H ig

a pebble is dropped in a pool of water ripples radiate out from

the centre of the disturbance.

Finally, if we have a charge e travelling with a velocity v

it is equivalent to a current j = ev. Thus the total force on such

a particle moving in an electric field E and a magnetic field B
will be

F=e(E + vxB) (2.12)

and is known as the Lorcntz Force.

WAVES

Having said that the propagation of the electromagnetic

field is a wave motion, let us examine some common pro-

perties of waves and the vocabulary used to describe them.

Everyday experience presents us with many illustrations

of what we describe as waves. Be they water waves or crime
waves, there is an underlying concept of some quantity which
varies its magnitude in some fairly regular manner with time
at a fixed place and which, at any fixed time, has a series of
maxima and minima distributed throughout space in some
more or less regular pattern.
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Basically there are two types or waves. Firstly, we can

have a wave pulse in which the source of the wave only exists

for a very short period of time; for example, a long rope

fixed at one end and held at the other is given a single violent

shake, then a disturbance will travel down the rope as a wave

pulse. Secondly, we can have a regular wave train which

implies a continuous and regular source of the wave; for

example, suppose the end of the rope is shaken up and down

in a regular fashion, then a train of waves will propagate along

the rope. The quantity which is propagated may be a dis-

placement, as in the case of the rope; or it might be a density

fluctuation, as in the case of sound waves in a gas; or it can

be fluctuations in the strength of the electric and magnetic

fields in the case of electromagnetic wave propagation. For

the moment we shall content ourselves with a discussion of

wave trains.

Analytically, a wave train moving to the right along the

.v-axis with velocity c can be represented by a function of the

form f(x - ct). For, in order to meet our requirements of

regularity outlined at the beginning or this section, we must

require that at some point (jr — JTi) at some time (/ + /]) the

function must be unchanged, i.e.f(x-ct)=f[x+xl -c(t + tj].

This is certainly true if x t -ct, =0, or c= — , In other words,

the disturbance has taken the time 7, to travel the distance ,Ti

and hence is moving with the velocity c. Similarly, a wave

moving to the left along the .v-axis can be represented by a

function /(.v + ct). We now show that such a function is a

solution of the equation (2.11). \jy\x-£t) =
sy

=
s*/

&x* 8y
where

52
/

y=(x-ct) and
g
— {x- ct)=c

ay

Thus
I 8s/

V2/C*-«)--
S/
>r-cO-0

as required.

The most important type of wave motion is the simple

harmonic wave in which the periodic variations follow the
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sine or cosine law (see Fig. 5 where we illustrate a snapshot

of the wave), i.e. r = constant. The sinusoidal wave is expressed

as f=A sin 2nj\(x-ct). The distance between successive

maxima in Fig. 5 is called the wavelength and is denoted by
the Greek letter A. The value of/at its maxima is A, and this

is called the amplitude of the wave. If we fix our attention at

the point A
x
in Fig. 5, then the value of/ will vary with time.

The time required for the value of /to fall from A to its

minima, -A, and then rise back to A again is called the

Fig. 5.

period of the wave and is clearly equal to A/c. Its reciprocal

c/A is called the frequency of the wave and is denoted by v.

If we have more than one wave, then the total displacement

is obtained by superimposing the displacements which would
result from each wave on its own; this is again simply the

superposition principle. For example, we could have the

superposition of two waves travelling in opposite directions

along the .v-axis with the same velocity c. If, as in (2,13), they

have the same amplitude then

. - 2jt
, , 2-jt,

/=/4 sin -j-(x-ct) + A sin .(x + ct) (2.13)

-, .
2tt

= 2A sin x cos 2nvt.

In Ihis case there is no net propagation; we simply have the

fixed form illustrated in Fig. 5 but with an amplitude varying

periodically in time from +2A to -2A. In this case we talk

of a stationary or standing wave. The fixed points at which
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the disturbance is always zero, i.e. points Cu C2, etc. in Fig. 5,

are called the nodes of the wave. The intermediate points at

which the disturbance has a maximum, though fluctuating,

value are called the antinodes.

Wave 4

Wave ji

Fig. 6,
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Now consider two waves which we shall call A and B and
which, for simplicity, we shall assume have the same wave-
length (Fig. 6).

In Fig, 6{o) the nodes of A and B coincide and, moving
away from a node, A and B both either rise or fall below the

axis together. In such a case the waves A and B are said to be
in phase. In Fig. 6(b) the nodes of the wave B have been
shifted to the right of the nodes of the wave A, and the waves
arc now said to be out of phase. Finally, in Fig. 6(c) the nodes
of B have again been shifted further to the right until they
again coincide with those of A. But now, whereas as we move
away from a node, A will rise above the axis, B will fall below
(he axis; the waves are now said to be in antiphase. In all three

cases one obtains a resultant wave (represented by the heavy
dark line in Fig. 6) which lias for its distance from the axis

at any point the algebraic sum of the distances of A and B
from the axis at that point, distances above the axis counting
positive and those below the axis negative. This wave R is said

to be the result of the interference of the waves A and B. It

has its maximum amplitude when the waves are in phase and
falls to a minimum when the waves are in antiphase. In fact,

two identical waves in antiphase will exactly cancel each other
out.

PROPERTIES OF LIGHT

Firstly, we note that light travels in straight lines and that it

can be reflected and refracted. An easily proved fact about
reflection is that the angle of incidence is equal to the angle
or reflection (see Fig. 7). Refraction takes place when light

crosses the boundary between media of different density.

As the light enters a denser medium it bends so as to be closer
to the normal (see Fig. 7). This phenomenon is commonly
observed when we look at a stick which is partially immersed
in water; the stick appears to have a sharp bend in it where it

enters the water. The law describing the refraction of light

is known as Snelt's Law and states that for any two materials
the ratio or the sine of the angle of incidence to the sine
of the angle of refraction is a constant. In the case of light
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entering a material from a vacuum, we call this constant the

refractive index for the material. The refractive index it is

'

Incident ray

Medium I

Medium 2

always greater than

approximately 1-5

Refracted my

and for most glasses has a value of

sin i (in vacuum)

sin r (in material)"
(2.14)

The next most easily observed feature about light is thai it

exists in different colours. The index of refraction for a given

material depends slightly on the colour of the light; we call

this dependence dispersion. Some materials are very much
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more dispersive than others, e.g. air shows very little disper-

sion, while lead glass exhibits it to a considerable degree.

Newton showed that when a beam of white light fell on a

glass prism, behind which was placed a white screen, then a

band of colours which he called a spectrum appeared on the

screen (see Fig. 8). This is again a commonly observed

Screen

While

Fig. 8.

phenomenon in the form of a rainbow, where the white sun-

light, instead of striking a glass prism, is being dispersed by

small water droplets in the atmosphere.

If a second prism is now placed in the spectrum, but upside

down relative to the first, then the spectrum is recombined
and white light emerges.

Should light of a particular colour be allowed to pass

through the screen, it is found that it cannot be split up into

any further colours.

Finally, we briefly mention the polarisation of light. This
can occur either when light is reflected or refracted, or when
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light is passed through certain crystals. The most convenient

material for studying polarisation is called 'polaroid'; this

comes in sheets bearing a reference mark in the form of an

arrow. An ordinary beam of light will be partially trans-

mitted through a polaroid; however, its ability then lo be

transmitted through a second polaroid depends on the relative

orientation of the reference marks on the two sheets. Maxi-

mum transmission occurs when the reference marks arc

parallel, and falls to zero when they are at right angles, i.e.

the light will not be fully transmitted through the second

polaroid unless the reference mark of this polaroid lies in the

plane containing the direction of propagation of the light and

the reference mark of the first polaroid. Light which has

passed through a polaroid is said to be plane polarised, and

the plane of polarisation is the plane defined by the direction

of propagation of the light and the reference mark on the

polaroid. Light reflected from a transparent surface, such as a

sheet of glass, at an angle of incidence f such that tan t=n, the

refractive index, is also plane polarised, the plane of polarisa-

tion being the plane containing the incident and reflected rays.

This reflected ray will not be fully transmitted through a

polaroid unless the reference mark lies in the plane of polarisa-

tion. Similarly, this reflected ray will not be fully reflected

from another surface unless the plane of polarisation for this

second reflection coincides with the plane of polarisation of

the ray. The ray transmitted through the surface, i.e. the

refracted ray, will also be plane polarised, but its plane of

polarisation will be perpendicular to that of the reflected ray.

Obviously, sunlight transmitted through the atmosphere

will be refracted as it enters from the vacuum of space and
will thus be partially plane polarised. Hence we can make
sun-glasses out of polaroid with the reference mark hori-

zontal, and these will not transmit a considerable portion of

the sunlight.

If a bar magnet is placed parallel to a beam of plane

polarised light, then the plane of polarisation will rotate.

This magnetic rotation is known as the Faraday Effect, after

its discoverer.
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Till: NATURE OF LIGHT

In order to explain the simply observed properties of lighl

discussed in the previous section, Newton tentatively sug-

gested that a light beam might consist of a stream of tiny

corpuscles emitted by a luminous body. Then the fact that

light propagates in straight lines follows from the conserva-

tion of momentum. The law of reflection can be interpreted

as an elastic collision between the corpuscles and the mirror,

and follows from the conservation of energy and momentum.
To explain the refraction of light, Newton postulated that

the corpuscles were attracted to media of higher density and
consequently moved faster in them. If c is the velocity of

light in a vacuum and c' the velocity in some given medium,
then the index of refraction for that medium is simply the

ratio of these velocities

w-c'/c (2.15)

It follows at once that n is greater than 1.

To account for the different colours of light, Newton pro-

posed that there be many different kinds of corpuscles. The
corpuscles associated with a given colour were all to be identi-

cal, but different from the corpuscles associated with any
other colour. By assuming that the corpuscles associated with
different colours were attracted to denser materials to varying

degrees, he was able to explain the observed dispersion of
light.

We are then left with the problem of explaining the polar-

isation of light. This requires that the corpuscles can recognise

certain planes as being distinct from others. This cannot
happen if the particles are spherical, because then all planes

containing the direction of propagation will appear identical.

However, should the particles be ellipsoids which are propa-
gated perpendicular to their major axis, we can use the

direction of propagation and the orientation of the major
axis to define the plane of polarisation. If in a beam of light

the orientations of the major axes are random, we talk of
unpolarised light; while ir the axes are all parallel, the beam
is called plane polarised.
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For a considerable period Newton's stature as the foremost

natural philosopher of his time led to the almost unquestion-

ing acceptance of his ideas relating to the nature of light.

What had, for him, been a tentative suggestion became in the

hands of his followers a dogmatic statement of fact.

A contemporary of Newton was the Dutch physicist Huy-

gens, who proposed that instead of a stream of particles light

consisted of a wave motion. But if a wave motion, then a wave

in what? At that time all known wave motions required a

medium through which to propagate. However, light can

cross a vacuum, e.g. the light from the Sun crosses some 93

million miles of virtual vacuum to reach us. To overcome this

problem, the existence of an omnipresent ether was postu-

lated as the medium through which all light is propagated.

It took over a century for Huygen's theory to gain any

substantial support, but within a very short period at (he

beginning of the nineteenth century conversion to the wave

theory of light was virtually complete. This conversion was

due to a series of observations which seemed to completely

refute forever the corpuscular nature of light.

Thomas Young, in 1801, published his On the theory of

light and colours, in which he described a number of newly

observed phenomena in terms of a wave motion for the pro-

pagation of light. Firstly, there was the diffraction of light.

Ifa broad beam of light is shone on to an extremely narrow

slit in an otherwise opaque screen, the light which passes

through the slit, instead of appearing as a narrow beam,

spreads out in all directions (see Fig. 9). A similar effect may
be noted in water waves. If a set of parallel wave fronts break

on an obstacle containing a narrow aperture, then on the far

side of the obstacle waves will spread out from the aperture

in all directions.

Now, suppose this diffracted beam falls on a second screen

containing two parallel slits (Fig. 9) and the diffracted beams

from these slits in turn fall on a third screen. Then on this

third screen there appears a pattern of light and dark bands

for which there is no explanation in the corpuscular theory.

The explanation is simple in terms of the interference between
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the wave fronts emitted from the slit A and those from the

slit B on wave theory oflight. Due to the different path lengths

tit

Scmn
Fig- 9.

from slit A to a point on the third screen and from the slit B
to the same point, there will be alternating points on the

screen where the waves from A and B will be in phase, hence a

light band, and in antiphase, hence darkness.

As to the different colours of light, Young associated these

with different wavelengths and from this was able to explain

dispersion and the existence of colours in thin films, such as

may be seen on a thin layer of oil.

The final blow to the corpuscular theory of light came with

a detailed study of the nature of refraction. The wave theory

postulated that light experiences a resistance to its motion in

denser media, and hence a wave when falling on the interface
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between two media will be bent in the same way as a row of

marching soldiers will turn if those on the inside of the bend

march more slowly than those on the outside. The refractive

index is given as the ratio of the velocity of light in a vacuum

to the velocity in the medium,

«=c/e'. (2.16)

This is the inverse of what is required by the corpuscular

theory (2.15).

In 1850 Foucautt performed the crucial experiment, deter-

mining that the velocity of light through water is less than

that in air and hence apparently refuting the corpusculat

theory for ever.

An early value for the velocity of light was obtained by

Fizeau in 1 849, using a purely terrestrial method. Previously,

attempts were made to measure the velocity of light from

astronomical observations; notably by Romer in 1675 from a

study of the eclipses of the satellites of Jupiter. We shall

briefly describe Fizeau's experiment, which is shown schema-

tically in Fig. 10. Light from the source S passes through a

lens L2 which focuses it to the point P after reflection from a

transparent glass sheet M,. The light is made into a parallel

beam by the lens L,, then focused on to the mirror M a by

lens £3 which reflects it back through the sheet M, to a lens

L, which focuses the light at the observer O. A toothed wheel

is added in such a manner that its perimeter passes through

the point P. As the wheel rotates, light is alternately allowed

to pass P through a gap between the teeth, or is stopped by a

tooth according to the position of the wheel. The experiment

consists of rotating the wheel at increasing speed until no

light is seen by the observer. This implies that the light which

passed through a gap at the point P has been confronted by

a tooth on its return journey. If there are jV teeth and the

wheel is rotating at cu revolutions per second, the time taken

for a tooth to move into a neighbouring gap is l!2N<». This

must also be the time which the light has taken to travel from

P to M% and back to P. If the distance P to M 2 is 1, then this
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time is 2Ljc where c is the velocity of light, and thus \j2Nu>

= ILjc or

c=4LN<!>. (2.17)

Many much more sophisticated versions of this apparatus

have been developed since Fizeau's original measurements.

The current value of the velocity of light is 2-997 93 x

1010 cm g~*

In 1862 Maxwell pointed out the incredible agreement

between the measured velocity of light and the calculated

velocity of the electromagnetic waves, and concluded that

light was in fact simply an example of electromagnetic

radiation but of a much shorter wavelength than Hertz's

radio waves.

If matter is built out of electrically charged ions, as sug-

gested by electrolysis, then we have an explanation of why

objects glow when heated. As we heat a piece of material, the

motion of the molecules increases in energy, i.e. the frequency

of the vibrations increases, and since the molecules are charged

they will radiate electromagnetic radiation. When the tem-

perature (frequency) is high enough (or, what is the same

thing, the wavelength is short enough) for the electromagnetic

waves to enter the visible part of the spectrum, the body will

glow a dull red. If we continue to heat the body, the frequency

of the vibrations increases until the body may become while

hot, i.e. all colours (wavelengths) of the visible spectrum have

been excited. At even higher temperatures the body will

Visible

High energy
.-'-y- :

X-rays Ultra-

violet

I in ;i-:ci: Microwave Ratlin Waves

Short Medium .Long

-10-' cm -1 csn ~ 100 cm~10-3 cm

*Fig. 11.

start to give off X-rays, but we postpone discussion of these

until a later chapter. In Fig. 11 we present the complete

electromagnetic spectrum as given by Maxwell's theory.

The meaning of the polarisation of light is quite clear in
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the context of the electromagnetic theory. The plane of

polarisation is simply the plane of fluctuations of the electric

field (see Fig. 4).

Many physicists towards the end of the nineteenth century

believed that a combination of the kinetic theory of matter

and Maxwell's electromagnetic theory would prove sufficient

to explain all the observed phenomena of nature. That it was
not to be so, we shall see in the remainder of this book.



3. Relativity

THE MICHELSON-MORLEY EXPERIMENT AND NEWTONIAN

RELATIVITY

The ancients believed that the Earth was the centre of the

universe and that the Sun, Moon and planets encircled it.

Later, Copernicus, Kepler and Galileo had argued that the

Sun was the centre of the universe and that the planets fol-

lowed their courses around it. In time, it was realised that even

the Sun held no unique place in the universe and was merely

another star wandering through space. But surely there was

some fixed centre of the universe, or, what is the same thing,

some absolute frame of reference relative to which all the stars

in their courses could be measured? What, then, physically

was to provide this absolute reference frame? During the

nineteenth century physicists came to believe that the ether

should provide such a frame. The ether was omnipresent. It

was the means by which light travelled from one star to an-

other, and the feeling grew that no single star could be the

origin of such an omnipresent material and that if anything

could be considered as at absolute rest then it should be the

ether.

In 1881 the American scientist Michelson attempted to

measure the velocity of the Earth as it moved through the

ether. No motion relative to the ether could be detected.

However, the accuracy of the experiment was questioned, and

in 1887, with the collaboration of Morley, he repeated the

experiment with much greater accuracy, but again no motion

relative to the ether was discovered. It was this rather startling

discovery which was to have such a revolutionary effect on

the history of scientific thought.

In essence, the experiment was very simple. Just as the

driver of an automobile will know that his vehicle is in motion

40
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by the air resistance that he experiences when he puts his

hand out of the window, so a light beam should be able to

detect the analogous ether wind as the Earth moves in its

orbit. However, before we discuss the experiment in greater

detail let us examine the classical ideas on relative motion.

Newton had been rather confusing on the subject of rela-

tivity; while saying that translatory motion involved going

from one absolute point to another absolute point, he did not

define what he meant by an absolute point. Elsewhere he

stated clearly that only motion relative to other material

bodies can be detected. Presumably he believed that there

was some material body which could be said to be at absolute

rest, viz. the ether, and thus could be used to define absolute

points.

When discussing time Newton was much more explicit.

'Absolute, true and mathematical time, of itself and by its

own nature, flows uniformly on, without regard for anything

external.' One immediate consequence of this is that all

frames of reference must have the same time scale.

Let us consider two frames of reference (S and S' in Fig.

12) which, at some instant of time which we shall call the

beginning of time, have their origins coincident. We shall

.r
-'

s
u

» *-

Fig. 12.

choose the axes of the two systems also to coincide at this

time. Now suppose that the system S' moves so that its

origin travels at a constant velocity « along the .v-axis of the

system S.
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We may, for instance, think of O as being a point in a rail-

way station with the .v-axis as the railway track and O' being

a point on a train moving down the track with constant

velocity w.

Now suppose wc have an event which in the system S can

be labelled by the co-ordinates (x, y, z) and the time i. In the

moving system S1

will have the co-ordinates (x', y', z') and

the time ('. As we have already stated, the time scale is the

same in all reference frames and hence

t=t\ (3.D

But what is the relationship between ihe spatial co-ordinates

(x, y, z) and (*', /, z7? From Fig. 12 it is obvious that

and

x'=x-ut,
y'=y,

z'=z.

(3.2)

The equations (3.1) and (3.2) are said to form a Galilean

transformation, and govern the description of the motion of

one system relative to another in Newtonian relativity.

Suppose now that there is a point in the system S' which

is moving with a constant velocity V relative to O'. By the

definition in Chapter 1 the .v-component of the velocity Vj is

K/ =
- Xg Xf -3ti- {llt-i ~ W'i)

h
(3.3)

But (.*-;. -*,)/(/. -f,) is by definition the .v-component of the

velocity of the point relative to O in the system 5. Thus

and similarly

V, = V*'.

(3.4)

The equations (3.4) give the rules for the addition of

velocities in Newtonian relativity. Thus a man walking down

the corridor of a train will be moving relative to the ground
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with a velocity which is the sum of his walking velocity and
the velocity of the train. All this is indeed very elementary.

But let us see what results it predicts for the Michelson-
Morley Experiment.

The experiment consisted of studying the time light took to

travel the same distance in two perpendicular directions

(Fig. 13(a)). Light from a source S is shone on to a semi-

silvered mirror M set at an angle of A5" to the incident beam.
Some of the light passes through M and travels a distance I

to the mirror B, where it is reflected back to M and from M
to the observer. The light which does not pass through M is

reflected to tiie mirror A, which is also at a distance / from M,
where it is reflected back through M to the observer. Since all

the light initially came from the same source S, it was initially

all in phase. If the apparatus is at rest, both light beams will

have travelled exactly the same distance and taken exactly the

same time to do the journey and hence will arrive at the

observer still in phase.

Now let us consider the apparatus moving relative to the

ether with a constant velocity v, which for simplicity we shall

assume is along the direction MB. Then the ray going from
Mto B will have to battle against the ether wind and will have
its velocity reduced to c-v, where c is the velocity of light in

the ether at rest. On the way back to M from B, however, it

will have the wind behind it and hence its velocity will be
c+ v. And so the total time taken for the light to travel from
M to B and back again to M, which we shall call tu is

/ / V/c
fi=—.+— =

, .»,_, . (3.5)-+-
v c+v 1 - v'/c2

'

Meanwhile, the ray going from M to A will have a slightly

longer journey to make, because the mirror A will have moved
from its initial position At to A* by the time the light reaches
it from the mirror M (Fig. 13(6)). Similarly, the mirrors will

move to positions As and M» during the return journey of the

ray from A to M. The distance Ml to Ma is simply vt 2 where
t., is the time required for the light to make the round trip

from Mto A and back to M, and thus M
t
M2=MM3 ;=ivt t ;
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the distance M«A 2 is, of course, fixed at I. If wc apply Pytha-

goras's well-known theorem, about the square of the hypo-

tenuse of a right-angled triangle being equal to the sum of the

fig. 13.

squares on the other two sides, to the triangle MtA tM2 ,
we

have

(AM-.)
2 = £**»M=)

2 + (M2AJ*= i^/ a
2 + /'. (3.6)

Thus the total distance travelled by this ray MiA z +A 2M3 is

2{F+iva
f,

3
)

s since the velocity of the ray is c, the time for

the trip t « is

f3= 2/c{/* + ii>V}* (3.7)
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from which we obtain

Comparing (3.8) and (3.5) we see that
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(3.8)

(3.9)

i.e. the time taken by the second ray is less than the time

taken by the first ray. The difference in the time increases as v

increases, reaching a maximum when v=c at which stage the

mirror B is moving away from the source so quickly that the

light never reaches it. If v = then, of course,

h-t» (3.10)

The fact that f, does not equal tt in general means that the

two rays should reach the observer out of phase. The observer

can then use the difference of the phases of the two light beams

to calculate how fast his apparatus is moving relative to the

ether.

The apparatus was mounted on a massive stone disc,

floating in mercury so that it could easily be turned. The

total path that each ray had to travel was 22 metres. The

experiment was repeated with the apparatus at all possible

orientations and at different limes of the year, to allow for the

different directions of motion of the Earth in its orbit. In all

cases fi^tt, i.e. no motion relative to the ether could be

detected. Since the Earth is surely not the centre of the

universe, there must be some motion relative to the ether,

then what is wrong with (3.9)?

The Irish physicist Fitzgerald and the famous German

scientist Lorcntz both put forward the same possible explana-

tion independently. The ether was the medium through which

electromagnetic waves are propagated, and the force between

molecules was known to be electromagnetic in origin; then

could it not be that as matter moved through the ether the

intermolecular electromagnetic forces underwent some change

due to the motion which produced a contraction of the object

in the direction of the motion? If this contraction was of the

order V0 - ^/c2
), then the path of the first light ray would
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be shortened just sufficiently to produce the necessary equality

of the two times. Naturally this contraction could never be

measured, because any measuring device used would suffer

an exactly similar contraction.

While this Fitzgerald-Lorcntz contraction answered the

apparent paradox posed by the result of the Michclson-

Morley Experiment, it was somehow unsatisfactory. It

appeared a rather ad hoc assumption which had no funda-

mental justification. The justification was given by Albert

Einstein in the form of his Special Theory of Relativity.

EINSTEIN'S SPECIAL THEORY OF RELATIVITY

In 1905 Einstein published his famous paper on the Special

theory of relativity. 'Special' because it applied only to

inertial frames of reference; that is, frames of reference which

arc not in accelerated motion but move uniformly relative to

one another, e.g. S and S' of Fig. 12. Another way of saying

the same thing is that the theory only applies to frames of

reference in which Newton's laws of motion are valid.

Einstein founded his theory on two postulates. Firstly, the

laws of physics are the same for any two inertial frames.

This he considered to be obvious from physical experience.

For example, if we return to the analogy of the train and the

station, this first postulate slates that any physical experi-

ment carried out in the station will produce exactly the same

result that would have been obtained" had the experiment

been carried out in the train moving with constant velocity.

Secondly, the velocity of light is a constant and independent

of the motion of its source, i.e. equations (3,4) do not apply

to light signals and hence motion relative to the ether can

never be detected. This Einstein took to be established by the

Michclson-Morley Experiment.

If we are going to insist on the constancy of the velocity

of light and impose it as a restriction on our dynamics, we

must give up some restriction which we have hitherto assumed

in order to make way for this new condition. The restriction

which Einstein relaxed was the idea that there was some

absolute time scale. However, he maintained the assumption
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that the transformation from the co-ordinates of one system
to the co-ordinates of a system moving uniformly with respect

to it is linear, i.e. if we make two measurements in one system
- lor instance, of length - and the first measurement is double

the second, then in the new system, although the measure-

ments will have changed, the first length will still be double

the second. Thus for the situation shown in Fig. 12 we have

X?=BLX ! fit

y'=y
.-' z

(3.11)

where a, $, y and S arc numbers which are to be determined

by the condition of the assumed constancy of the velocity of

light. However, we notice that the first of these equations

can immediately be simplified because the origin of 5', i.e.

.v' 0, is always seen in the frame 5 to be the point x - for, und
thus we have

or j3=-««. (3,12)

Thus the first of the equations (3.1 1) becomes

jc'=a(.v-«r). (3.13)

A simple application of Pythagora s's Theorem shows us

that the equation connecting points on the surface of a sphere,

having the origin as its centre, of radius r is

^s +y + z* = r2 (3.14)

Let us now consider the wave front of a light signal emitted by
a point source. The wave front will spread out uniformly in

all directions about the source, which we shall take to be the

origin of the system S in Fig. 12, i.e. it will be a sphere. The
radius of the sphere at any time will be the distance that the

light signal has gone in that time, thus

r=ct. (3.15)
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Hence any point on the wave Iron! will be described by the

equation

xs + yt+z*-c*tt= 0. (3.16)

However, if this signal is to appear the same in all systems,

in particular in the frame of reference S', a point on the wave
front must also be described by

x"-+y't + z'i -c't'*=0. (3.17)

Equating (3.16) and (3.17) and inserting (3.11) and (3.13), we
obtain

x*+y* + z* - 0"/*=x™ +/« + z'« - cV"
= <x*(x -uty+yi+z1 - cHyt - S*)2 (3, 1 8)

or simply

x' + c*t*= (a* - c^S2
)*

4 + 2(««2 - c*Sy).W + (a1*!2 - cV)<*- (3-19)

By comparing both sides of (3.19) we see that*

a = (l-«2
/c

2
)»

S = wtx/c

y-*. (3.20)

Thus wc finally obtain the equations (3.11) in the form

x,=(x-ut)(l-u t
lc*)r*

y-y
z'=z
t'=(t-uxlc2

) (1 -u'-fc*)-K (3.21)

This is the Lorenl/. transformation and should be compared
with the Galilean transformation (3.2). Firstly, we notice

* Comparing the coefficients of jr
s on both sides of (3.19) gives

1 -(<*'-<«*)

while the coefficient of xi gives

O-^ua'-^Sj.)

and the coefficients of i'
: yield

-e» -(<**«* -«Y).
These three equations tor the three unknown quantities a, 8 and y can
then be rearranged to give the result (3 20).
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that if the system S' is moving slowly with respect to the

system S compared to the velocity of light, i.e. u is very much

smaller than c, then trie- is very small; for example, if u is 30

miles per hour, then ti-,'c- is approximately 0-000 000 000 002,

thus VO-h*/^) is to all intents and purposes 1. If we are

considering distances of only a few miles, then also ux/cr

becomes negligible compared to t and we see that (3.21) then

reduces to exactly (3.2). However, for systems travelling with

high velocities (3.21) predicts behaviour which is consider-

ably different from that predicted by Newtonian physics.

Let us consider two of these predictions.

Firstly, suppose there arc two points on the imaginary

railway track in Fig. 12 which we denote by x» and x,. Then,

if in the system S wc measure the distance between them and

find it to be L, we have the identity

L=xs~x,.

However, if at the same time we measure the distance between

the same two points in the system S' we will find a length U
satisfying

Li = X^~~ X\,

Making use of (3.21), we have

xt -utl/=^-x\ =
x,-ut

Vtt - «*/£*) V0 - u*i<?)

Xt-x,
=W(1- t/

3/c2). (3.22)

Thus the length of the track between the two points will

appear shorter if we measure them from the train than if we
measure them from the platform. Not only that, but the faster

the train is travelling the shorter the distance between the two

points will appear to someone on the train, until when travel-

ling at the velocity of light the distance between the points

will be zero.

Now, ofcourse, this contraction is just the same contraction

which Fitzgerald and Lorentz postulated on an ad hoc basis
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to explain the null result of the Michelson-Morley Experi-

ment, and it is not going to materially affect train travel where

one deals with velocities of the order of a few tens of miles

per hour. But, obviously, when man has conquered space and
travels amongst the stars at high velocities the effect is likely

to be appreciable. Distances which from Earth appear enor-

mous will appear much less to our rapidly moving space-man;

so much shorter that journeys which appear impossible to

complete within a single lifetime to his Earthbound cousin

may be possible. However, we cannot consider this spatial

contraction in isolation. Let us consider the second pre-

diction arising from the Lorentz transformation. Suppose
we set out to measure the time that a journey takes, and we
leave the point .v, in the station when the station clock reads

a time t , and pass the point on the track jc2 at a time t% accord-

ing to the station clock, then the station master would say

that the time T of the journey was

"

T=h-h (3.23)

However, suppose that you decide to time the journey by
your wrist watch and that you leave the station at time /',

and pass the point ,v2 at time t
'

s . Then you will claim that the

time taken for the journey is 7" where

T'=t's -ti

tt-uxt/c* t x -uxxl{*

VU-w'/c") V(l-«*/C)

h-d
ya-w'/c1

) va -«•/<*)'
(3.24)

Thus you would say that the journey did not take as long as

the station master said it had. In fact, if the train travelled

with the velocity of light, you would say that the journey had
been instantaneous. Of course, this descrepancy is not sur-

prising, since we would have argued about the length of the

journey in any case.

Again, this is a negligible effect on Earthbound trains. But
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suppose there are two young identical twins and one stays on

Earth while the other makes a long journey in space at a high

velocity. When the space-ship returns, the twin who has

stayed on Earth will be old and grey, while the one who made
the journey will still only be in middle age. In fact, were we

to contemplate a round journey to any but the very nearest

stars we would not return to Earth until all our contempo-

raries had been dead for many thousands of years.

Naturally, the addition law for velocities (3.4) will also

require to be changed. Now

t

while

Vm-U

1-uV,I<*'

„ yl-y[ yt-yt

(3.25)

V
' ti-ti l{tt -td-u(xt -xdH?VV(.l-uVd<)

~UL̂V(l-«»/c*)

1-uVJc* '

and similarly

1-uVJc '

(3.26)

(3.27)

Again we notice that as ti/c and VJc become very small, these

equations reduce to the classical equations (3.4).

So much for the changes in kinematical measurements,

What happens to our concepts in mechanics, i.e. what happens

to relative measurements of quantities like mass and energy?

To obtain the new laws of mechanics we turn to the first of

Einstein's postulates, namely that the laws of physics will be

the same for all inertial frames. In particular, we require that

the law of conservation of momentum will be the same in all

frames. This is only possible provided we are willing to allow

the mass of a body to be a function of its velocity.

Now let us consider the following experiment. Two
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i
and O-i in Fig. 14 are moving with velocity v

52

observers O
relative to one another parallel and antiparallel to the .v-axis

respectively. Both observers have identical billiard balls which

have the same mass nia when at rest.

,.''

Each of the observers at the same time throws his ball at

the other with a velocity V, which from his own point of view

is perpendicular to the x-axis. The balls will, of course, collide

and each will rebound to the observer who threw it. Let us

look at what happens from the point of view of the observer

O, (Fig. 15).

The .(--component of the velocity of the ball Si will be

initially V, and after the collision — V, Both before and after

the collision the velocity in the ^-direction will be zero. The

second ball, Bz, will appear to have a constant velocity v in

the jc-direction and a velocity — V\/(l - v2 /c=) in the y-

direction before the collision, and W(l - v2/c2) in the y-

RELATIVITY 53

>- -v

Fig. 15.

direction after the collision. Thus the total momentum before

the collision in the y-direction is

»<{ F) V-mW[WO- >*!<?)" + v'DW(\ - v'/c*)

and this must be equal to the total momentum in the y-

direction after the collision, which is

/
- »i(- V)V+mWl- VVO ~ v2/cT + v2])KV(l- vVc8

).

Thus

m(V) + m(- F)«2V0 - v2 /c
2)w(V[Fa

(l - va/cs) + v2]). (3.28)

Suppose wc now set F=0, then

m(y) i

m
VO-v^y- (3.29)

Now wc see the third of the startling predictions of the

Special Theory of Relativity. Not only do lengths and times

contract the faster the observer travels but also an object

becomes heavier the faster it travels, until at the velocity of
light it is going everywhere infinitely quickly, it is infinitely

short and has acquired an infinite mass.

Let us continue our discussion of relativist ic mechanics and
consider what happens to our ideas of energy.

Suppose we have an object of rest mass w„ sitting at the
origin of our reference frame at time r~0 and we apply a
constant force F to it until it reaches the point x^ by which
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time it will have accelerated up to some velocity i>j. By
definition the total work done on the particle is

W,
Jo

where p is the momentum mv of the particle; we have used

Newton's law of motion which equates the force F to the

rate of change of momentum dpjdl and the fact that dxjdf is

the velocity v of the particle. Integrating* (3.30) wc have that

W=nV*[-l+ll-v l*l&T il (3.31)

Now, by the law of conservation of energy, we see that this

must be equal to the gain in kinetic energy, and certainly for

Vj/c very small we see that (3.31) reduces to

as we should expect in classical physics.

We see that in general W can be written as two terms

*K=£(v)-£(0)

m cz

- «( e* (3.32)
V(l-V"/r2

)

The energy that the particle has due to its motion is obviously

E(v). The energy £(0) in no ways depends on the velocity of

the particle. We can, in fact, write (3.32) as

E(v)=W+E(0).

Thus £(v) is the total energy of the particle, being the sum of

the work done, W, by the applied force in giving the particle

* Readers unfamiliar with integral calculus are asked to accept the

result (3-31), the proof of which wc give below

Thus

and

p-*mv — /h v(I — t
a/e*)~l by equation (3.29)

rfp/rfv -m„[(l - k'/c1)-' + v>lcH\ - *i<?T* !*\

pi ft
vdp - vmQ 1(1

•- t'V)" 1 + v'/e'KI - IP*/***!*

-mncna-V/c')'-!]
+m /2ca [2v,V(l - vfffjT +4c*(l .',*/«*)» -4c*J
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the velocity p plus the term £(0), which is an intrinsic energy

associated with the fact that the particle has a non-zero rest

mass

£(0) = m c*

E(v) = m(v)c\
(3.33)

Not only does the particle possess an energy £(0) when il

is at rest, but what an enormous energy it is ! We see that one

gramme of material is equivalent to an energy of 9 x 10311 ergs,

or enough energy to produce a million kilowatts of electric

power for 24 hours. It was the release of a small fraction of

this energy which destroyed Hiroshima and Nagasaki.

We quote one more equation for future reference, and that

relates the energy £(v) of a particle to its momentum p=mv

£*= - csp- -I rna
2
c*. (3.34)

One extraordinary result should be mentioned. While the

laws of mechanics have had to be seriously modified as a

result of the study of relativity, the laws of electromagnctism

as given by Maxwell remain unchanged (Appendix A). Not

only do they remain unchanged but they take on a new beauty

and simplicity in a relativistic formulation.

We close this chapter by merely staling that the predictions

of the Special Theory of Relativity have been experimentally

verified on countless occasions. The relativistic mass-energy

relationship, the Lorentz contraction and the relativistic time

dilation are all seen in action every day in modem atomic

reactors and particle accelerators.

So far we have only considered uniform motion and have

ignored the possibility of accelerations. The study of non-

uniform motion and its relationship with gravitation forms

the subject of Einstein's General Theory of Relativity. A
detailed study of general relativity is beyond the scope of

this small volume. However, we shall return in the last chapter

to discuss a few ideas contained in the general theory.



4. The Interaction of the

Electromagnetic Field with Matter

Just as the Michelson-Morley Experiment had required a

radical revision of classical concepts for its explanation, there

were a number of other empirical observations which were

impossible to explain in terms of the kinetic theory of matter,

and Maxwell's electromagnetic theory alone. In this chapter

we shall examine a few of these experimental results and

discuss the attempts and failures to give them a classical

explanation.

LINE SPECTRA

At the very beginning of the nineteenth century Fraunhofer

had set out to make a detailed study of the spectrum of sun-

light and had discovered that instead of being formed from

a continuous band of slowly varying colours, as it had

appeared at first to TS'ewton, there existed in addition a num-

ber of very fine, but clear and distinct, dark lines. In other

words, it appeared that there were very sharply defined wave-

lengths of light which do not reach us from the Sun,

By the second half of the nineteenth century Kirchhoff and

Bunsen had laid the foundations of spectral analysis based

on the observation that the vapour of an element when heated

until it glows does not radiate randomly but only at very

specific wavelengths. Thus instead of emitting a continuous

band of colour a gaseous element will only Tadiate very sharp

lines of colour, hence the expression line spectra. These lines,

or wavelengths, arc found to be characteristic of the clement

forming the vapour, and this can be seen, for example, in the

characteristic yellow light of sodium street lamps.

Not only will an clement emit only characteristic wave-
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lengths but it was also discovered that the vapour will only

absorb light of specific wavelengths. And, finally, these

absorption and emission wavelengths are the same for any

given element.

Using this result, we can at once give an explanation of

the Fraunhofer dark lines. Suppose that in the extremely

hot interior of the Sun all possible wavelengths of radiation

arc generated; then, as the light passes through the relatively

cool corona of the Sun, those wavelengths corresponding to

the characteristic absorption lines of the elements in the

corona will be absorbed, and light of these wavelengths will

not reach us from the Sun. Tn this way we can predict what

gases are present in the Sun's corona, or, for that matter, the

corona of any star. For example, it was from such a study

of the Fraunhofer dark lines that the gas helium was found

to exist in the Sun's corona before it was discovered on Earth.

However, we arc still left with the problem of explaining

the origin of these characteristic emission and absorption

wavelengths in vaporised elements. As we have already sug-

gested, the source of the emitted radiation is the motion of

the charged ions in the material. But why is this motion not

random? Why do the charges appear to vibrate in a very

special manner characteristic of the element involved?

Let us now leave the subject of the emission and the absorp-

tion of light by vaporised elements and consider how thermal

radiation is emitted and absorbed by a solid.

In 1879 Stefan discovered the empirical law which bears

his name. The rate of emission of thermal radiation R per unit

area of the surface of a body is proportional to a constant e

between and 1 which depends on the nature of the emitting

surface, and is called the emissivity of the surface, and to the

fourth power of the temperature T.

R= veTi
(4.1)

where u is a new physical constant, the Stefan-Boltzmann
constant, equal to 0-567 x 10" erg enrr3 degr 1 g-*.

Suppose that instead of studying the emission of thermal

radiation by a surface we now shine thermal radiation on to
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a surface and examine how much of it is absorbed. The ratio

of the amount absorbed to the amount incident \vc shall call

the absorptivity n. In 1895 KirchhofT established the following

simple relationship

e=a. (4.2)

BLACK-BODY RADIATION

By a black body wc mean one which will absorb all radiation

incident on it, i.e. a=\. (This should be compared with a

vaporised element which will only absorb a very small fraction

of the radiation incident on it, corresponding to the associated

characteristic wavelengths.)

By Kirchhoff's relation (4.2) a black body is not only the

most efficient absorber of radiation but also the most efficient

emitter of radiation.

If wc take a black body and shine thermal radiation on to it

at a constant rate, it will start to heat up and its temperature

v ili rise, and as its temperature rises it will emit radiation at

a greater rate according to Stefan's Law (4.1). The temperature

will continue to rise until it reaches a value where the rate of

emission of thermal radiation is exactly equal to the rale of

absorption of radiation, at which point we say that the system

is in thermodynamic equilibrium and has reached a steady

state.

If wc study the spectral distribution R(\) of the black-body

radiation in the steady state, then we obtain the typical curves

shown in Fig. 16 by the solid lines.

Wien in 1893, from very general arguments, was able to

prove the following relationship

*(A)=/(Ar>/A= (4.3)

where f(\T) is an unknown combination of constants such as

the Boltzmann constant or the velocity of light, etc., together

with the wavelength A and the temperature T. But whatever

the combination, A and T always enter it as the product AT*.

Rayleigh and Jeans then set out to give an explanation of

these results in terms of the kinetic theory of matter, using

Boltzmann statistics (Appendix B). They considered a model
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in which the ions oscillate with a set of continuous frequencies

about their mean positions. The result of their classical

analysis is

R(\)= {8iTklA'>)\T. (4.4)

This is seen to be in agreement with Wien's Law, where

/(AT) = B-!rk\T. However, as can be seen from the broken line

m
\ Kaylcigh-Jeans Law

Ultra-violet

Fig. 16.

lafra-rtd

in Fig. 16, it is In complete disagreement with experiment

except at very long wavelengths. This violent disagreement

with experiment is known as the ultra-violet catastrophe,

since the disagreement becomes particularly marked at wave-

lengths in the ultra-violet region and below.

The ultra-violet catastrophe was the source of much con-

sternation amongst physicists at the turn of the century and
was finally resolved by Planck in 1901. However, Planck's

solution of the problem involved the introduction of a new
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postulate, which was to lead to a revolution in our under-

standing of the physical world at least as great as that caused

by relativity,

Planck postulated that the oscillating ions which were sup-

posed to be the source of the emitted black-body radiation

could not emit energy continuously - as they must if they

were classical oscillators - but could only emit energy in

multiples of a basic unit hv where v is the frequency of the

oscillator and h is a new, fundamental, physical constant

A = 6-6x I0~ S7 ergs~'. Hence the oscillators can only have an

energy E satisfying

E=nhv «=0, 1,2, 3, (4.5)

When a physical quantity is built out of a number of basic

units it is said to be quantised. A system containing a number
of basic units of some physical quantity is said to be in a

quantum state of that quantity with a quantum number equal

to the number of basic units in that quantum state. Hence

Planck's postulate is that energy of the oscillating ions is

quantised and that the quantum of energy is hv. The oscil-

lators can only exist in quantum states with energy E„ iihv

which can be labelled by the energy quantum number «.

This discreteness in the energy spectrum of the oscillators

requires an alteration in the statistics which we apply in our

analysis of the problem (Appendix B). The result of Planck's

analysis is that

fl(A) =
877/jC 1

expCAe/fcAr)—
1' (4.6)

We see at once that this agrees with Wien's Law where

f(,\T) =

exp{kc,'k\T)- V
(4.7)

and that at large values of A (4.6) reduces to the Rayleigh-

Jcans Law (4.4). But, most important of all, it is in excellent

agreement with experiment over a wide range of temperatures

and wavelengths.
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For a few years Planck's postulate existed in a vacuum.

Certainly it explained black-body radiation, but it appeared

as a totally ad hoc assumption designed only to explain this

single class of observations. Even Planck could not bring

himself to believe in the quantisation of the ionic oscillators

and was continually looking for a way round this assumption,

without success. Then, in 1905, the same year that he pub-

lished his special theory of relativity, Einstein showed how a

simple generalisation of Planck's postulate could explain

another strange phenomenon, the photo-electric effect.

THE PHOTO-ELECTRIC EFFECT

As mentioned previously, Hertz had discovered experi-

mentally the existence of the electromagnetic waves predicted

by Maxwell's theory. Using an oscillating circuit containing

a spark gap he discovered that he could produce a spark in a

second, suitably tuned, circuit. But, more than this, he dis-

covered that the spark in the second circuit was more readily

produced if light was shone on to the electrodes of this circuit.

Shortly after the announcement of Hertz's discovery,

Hallwachs showed that when many metals were illuminated

with ultra-violet light they gained a small positive electric

charge. There were two possible explanations for this observa-

lion, either the light deposited some positive charge on the

metal, or it caused the flow of some negative charge out of

the metal.

Stoletow devised a system which showed conclusively that

in fact some negative charge left the metal. He constructed a

circuit (Fig. 17) in which a photo-electrically sensitive plate

is connected to the negative terminal of a battery. Another

non-sensitive plate was connected to the positive terminal

through a sensitive galvonometer. When ultra-violet light was
shone on to the sensitive plate, a current flowed in the circuit.

However, if the terminals were reversed no current flowed.

The question which immediately arises is, 'What is it that

carries the negative electric charge across the gap between the

plates?' The current persists even if the system is put in a

vacuum, so that it cannot be carried by the air molecules. Of
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course, from electrolysis we know that within the electrodes

there can exist positive and negative ions, perhaps they carry

the charge. Lcnard removed this possibility with the following

Ultra-viok'i

ight

-©—I'l'l'
Galvanometer Battery

Fig. 17.

ingenious experiment. He used as the sensitive plate in Stole-

tow's circuit a sodium amalgam, and for the non-sensitive

plate a clean platinum wire. Now, if the current was carried

by the sodium ions, then after some time sodium deposits

would accumulate on the platinum; no sodium deposits were

discovered.

This mystery was resolved in 1897 with the discovery by

J. J. Thomson of the electron.

If two electrodes enclosed in a glass tube (Fig. 18) which

is pumped down to an extremely low pressure (approximately

0-01 ramHg) arc connected to the terminals of a high-voltage

battery, then a current will flow in the circuit and a luminous

spot appears on the glass behind the positive electrode. If a

screen is placed in front of the negative electrode (or cathode,

as it is usually called), the spot disappears. If an electric field

is applied to the glass tube perpendicular to its length, the

spot will move to a position S', i.e. towards the higher voltage
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region. This suggests that whatever it is that causes the spot

comes from the cathode and carries a negative electric charge.

This stream of negative electricity is now called cathode ray,

I he apparatus in Fig. 18 is called a cathode ray tube and is, of

course, the basis of modern television.

Fig. is.

A more detailed study of the motion of the luminous spot

under the action of electric and magnetic fields supports the

view that the cathode ray is a stream of negatively charged

particles which we now call electrons.

The next point established was that the electrons were
always the same, no matter from what material they came.
We should also note in passing that since the electrons carry

a negative electric charge and are emitted from metals which
are originally electrically neutral, there must reside within

metals a source of positive charge. This was already known
from electrolysis, where the existence of positive ions had
been established. However, we shall postpone 3 detailed

discussion of these points until the next section.

We have seen that the emission of electrons from a metal is

facilitated by the action or light shining upon it. Lenard, in a

scries of experiments starting in 1900, set out to study this
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photo-electric effect in some detail Starting with a circuit

essentially the same as that indicated in Fig. 17, if we plot

the current which flows in the galvonometer against the applied
voltage we obtain a curve of the form shown in Fig. 19. Not

!
CuiTOU

i"iy. I'J.

\ Dlngg

only docs the current flow more easily when light is shone on
to the cathode but it even requires a voltage F„ to be applied
in the opposite direction in order to stop the current flowing.

The immediate answer to this observation, from a cb
point of view, is that the energy carried by the light is used to

break the bonds binding the electrons into the metal -or, at
least, weaken them - so that when an electric field is applied
they arc emitted more easily. However, if this is so, then by
increasing the intensity of the light, i.e. the amount of light

and hence the energy, falling on to the metal, we should be
able to release electrons even more easily; that is, Vn should
become larger. This is not found to happen, provided the
frequency of the light is kept constant; no matter how much
we increase the intensity, V„ remains the same. For any given
voltage, as we increase the intensity of the light the current
increases. On the other hand, if we change the frequency of
the light, y changes immediately, Va increasing as the fre-
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quency increases. No matter how low we make the intensity

of the light, electrons arc still given off, provided the frequency

is high enough. The critical frequency, below which Va is

zero, depends entirely on the nature of the mclal surface.

There is obviously a paradox here. For, if light is a wave,

its energy should be spread all over the wave front, and hence

an extremely localised object like an electron should take a

long time to acquire enough energy to be released from the

metal when the intensity is extremely low. However, electrons

arc emitted almost instantaneously when light strikes the

surface of a metal.

Einstein's solution to this problem was both simple and

baffling. He suggested that light, in this context, did not have

n wave nature but more closely resembled Newton's cor-

puscles. Each corpuscle of light, or photon, as it is now called,

he assumed carried a quantum of energy E which was pro-

portional to the frequency of the light

E=hv (4.8)

the constant of proportionality A is again Planck's constant.

In this way it is clear that by reducing the intensity, i.e. the

number of photons incident per second, we only reduce the

number of electrons emitted and hence the current. But as

long as the frequency is high enough, so that the energy Ac is

greater than the binding energy W of the electrons, electrons

will be emitted. The maximum kinetic energy Emili of the

electrons emitted should be

Emax=hv- W (4.9)

and in order to stop the current flowing we must absorb this

kinetic energy by an applied potential, i.e. K„ =£,,M *.

In 1916 Millikan tested this law experimentally and found

excellent agreement with the theory. The value of A in this

case was found to agree with that used by Planck to explain

black-body radiation to better than 0-5 per cent.

Rutherford's nuclear atom

Between 1896 and 1898, Bccqucrel and Mme Curie had
begun the investigation of the phenomenon known as natural
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radioactivity. That is, the observation that several of the

heaviest elements in nature, in particular thorium and uran-

ium, emit penetrating radiation which can be detected by its

capacity lo blacken a photographic plate. On closer examina-

tion this radiation is found to have three very distinct

components. These have been named a-, /J- and y-rays.

The «-rays arc found to come to rest after passing through

only a few centimetres of air. They have the greatest mass of

the three rays, being made up of particles with a mass approxi-

mately the same as the helium atom, or four times the mass

of the hydrogen atom. They arc also found to possess a

positive electric charge which is exactly twice the magnitude

of the charge on the electron.

The /J-rays are more penetrative than the a-rays and are

capable of passing through thin sheets of metal foil. They, in

fact, turn out to be identical with Thomson's cathode rays.

The electrons are much lighter than the a-particles, having a

mass of approximately 1 /2000 of the mass of a hydrogen

atom.

The y-rays are by far the most penetrative of the three,

being able to pass easily through several centimetres of the

lighter elements, e.g. aluminium. The y-particlcs are found

to possess no electric charge and no rest mass, they are, in fact,

simply extremely high-frequency electromagnetic radiation,

y-radiation has now become the generic name for all electro-

magnetic radiation at frequencies beyond the ultra-violet

region. However, at wavelengths around I0"8 cm this radiation

is more commonly called X-rays.

The positively charged a-particles and the negatively

charged electrons must obviously, in most cases, be bound to-

gether in some stable configuration lo form the neutral atoms
of which matter is composed. What is this configuration?

J. J. Thomson proposed a tentative model in which the

atom was composed of a uniform, spherical distribution of

positive charge in which were imbedded the electrons. The
actual position of the electrons was to be determined by con-

ditions of electrostatic stability. At low temperatures the

electrons would be at rest in these equilibrium positions. On
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heating, however, they would become excited and vibrate

about these positions. Since the electromagnetic theory pre-

dicts that accelerated charged particles, such as the vibrating

electrons, emit electromagnetic radiation, wc should hope

that the allowed modes of vibration of the electrons would

give rise to radiation in agreement wilh the observed line

spectra of the elements. Unfortunately, detailed calculations

were unable to predict spectra in agreement with the

experimental observations.

In 1911 Rutherford carried out a classic experiment which

showed the inadequacy of the Thomson model. Rutherford

fired the newly discovered a-particles at a thin metal foil and

then measured the angle through which they were scattered

(Fig. 20).

pum
«

dill

Fig. 20.

Since in the Thomson model the electrons are uniformly

distributed throughout the positive charge region, the effect

of the charges will be to cancel each other out. Hence a

positively charged a-particlc approaching such an atom would
not sec any concentrated region of positive charges, and thus

at no time would it experience any extremely large electro-

static repulsions. A detailed calculation based on these

assumptions suggests that the majority of the a-particlcs will

not be scattered through large angles, i.e. in Fig. 20 nearly all

the a-particles would be expected to be observed at angles of
less than 5°. This was not the result that Rutherford found.

Not only were many a-particles scattered through angles much
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larger than those predicted by the Thomson model, some
were actually back scattered, i.e. 9 was greater than 90".

In order to explain these observations, Rutherford assumed
that nearly all the mass and all the positive charge was con-
centrated at the centre of the atom in what he called the
nucleus. Around this nucleus there was a cloud of electrons.
This model gave brilliant agreement between the predicted
and the experimentally observed angular distribution of the
scattered a-particles. However, it was quickly shown by
Ehrenfcst that such a model could never be stable. Certainly,
the electrons could orbit the nucleus in the same way as the
planets orbit the Sun - after all, the electric force law is

identical in form with that for gravity - but, being charged
particles moving in accelerated orbits, the electrons would
necessarily have to emit electromagnetic radiation and hence
lose energy. As they lost energy they would spiral in towards
the nucleus, and in a short time all the atoms in the universe
would have collapsed. In any case, the prediction of the
continuous emission of radiation is not in agreement with the
observed discrete spectrum which is known to be emitted by
free atoms.

In conclusion, while wc may seem to have explained several

phenomena this has only been at the price of introducing
fresh confusion to the scene. We have had to give up some of
our classically based beliefs. Light, which until now we have
considered to be a wave process, now takes on particle aspects
when we discuss its emission or absorption. The only model
of the atom which will agree with the a-particle scattering

observations appears to be clcctromagnetically unstable. And
we still have no explanation of line spectra.

5. The Ofd Quantum Theory

THE BOHR ATOM

In 1911 Bohr came to Manchester to work with Rutherford.

Faced with the baffling contradiction between Rutherford's

raped mental results confirming the nuclear'slructurc of the

atom and the classical observation that such a structure must

be unstable, Bohr put forward new postulates which explained

the structure of the atom and at the same time accounted for

ihe line spectra of the elements. These postulates were:

1. The electrons move in circular orbits around the nucleus

under the influence of the electromagnetic attraction and

obeying the classical laws of elcctromagnetism.

2. Instead of the infinity of possible orbits which are

allowed by classical mechanics, only those with an orbital

angular momentum which is an integral multiple of Planck's

constant h divided by lir arc allowed.

3. Even although the electron is accelerated, it docs not

radiate as long as it remains in one of these allowed orbits.

4. If the electron moves from an allowed orbit of energy

Ei to another of lower energy Elt then it will radiate. The fre-

quency v of the emitted electromagnetic radiation will be

equal to the difference in energy (£, -£2) divided by Planck's

constant h.

We see thai in addition to the quantisation of energy

introduced by Planck and Einstein, Bohr's postulates require

the concept of the quantisation of angular momentum.
Let us examine the structure of a one-electron atom from

the point of view of these postulates. We consider a single

electron with charge -e orbiting a nucleus of charge +Ze
(see Fig. 21).

For equilibrium, the electrostatic attraction of the electron

69
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to the nucleus ZeV ! must be exactly equal to the centrifugal
force ;«va/r.

Fig. 21.

The angular momentum L Tor a circular orbit is defined to
be the product of the radius of the orbit times the linear
momentum of the particle. By the second postulate this must
be quantised, hence

nft
Z.=rx,w=- (5.1)

where n is an integer 1, 2, 3, ...

.

By the balancing of the electrostatic and the centrifugal
force we have

(5.2)Z&=mv*r=-
4jr1/wr'

Hence the radii of the allowed orbits arc given by

h-A2

r=
4-irmZe3

n=l,2, (5.3)

Now the electromagnetic energy plus the kinetic energy of
fhc electron is (using (5.2))

HIE OLD QUANTUM THEORY

4T!smZte*
2AV

'
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(5.4)

SPECTRAL LINES AND ATOMIC STRUCTURE

Bohr's fourth postulate, coupled with the result (5.4), gives

us for the first time a discrete set of spectral lines. If an

electron were to move from an orbit of angular momentum
ii,h!2ir to another of smaller angular momentum njillir, it

would emit electromagnetic radiation of frequency

2irmZle* / I I_\

2A 3 W n,7"
(5.5)

Many years previously, physicists studying the experi-

mentally observed spectra of hydrogen had discovered some
startling regularities in the wavelengths of various lines,

which were then arranged in series and named after their

discoverers. They were:

(i) the Lyman series in the ultra-violet region with wave-

lengths A given by

•-„(.-!). "= 2, 3, 4,

(ii) the Balmcr scries in the hear ultra-violet and the visible

region with wavelengths given by

MH) w= 3, 4, 5, . . . ;

(iii) the Paschen series in the infra-red region with

(iv) the Bracket t series in the infra-red region with

^
= /?"(n-

!

-) «= 5,6,7,..,;
A \16 irj
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(v) the Pfund scries, also in the infra-red region, with

r R"&-$ «= 6, 7, 8,

where Rn, the Rydberg constant, has the measured value

109 677-576 ±0'01 7 cm-1
. These, we now see, are simply

special cases of Bohr's general result (5.5). According to

Bohr's theory

2w«ie*
*»- ^i" (5.6)

since 7, - 1 for the hydrogen atom and Av-c. However, (5.6)

is not quite correct, because we assumed in its derivation that

the nucleus was at rest with the electron orbiting it. In fact,

the proton, which is the name given to the nucleus of the

hydrogen atom, and the electron will both rotate about their

mutual centre of mass. This leads to m, the mass of the

electron in (5.6), being replaced by mMj(m + M) where M is

the mass of the proton. Since the proton mass is approxi-

mately 2000 times the electron mass, this is a small correction.

But when the values of all the quantities entering the right-

hand side of equation (5.6) are now inserted, we obtain a

Lyman scries

B.ilmer series

Pasclicn series
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predicted value of Ru of 109 681 cm-1 , i.e. an agreement with

experiment to three parts in 100 000.

We have seen that through the quantisation of the angular

momentum we have obtained a quantisation of the energy

levels of the hydrogen atom with the resultant spectral lines

(see Fig. 22), and this theory is in excellent agreement with

experiment. Certain other elements arc also fairly well

explained by this simple theory, namely the alkali metals

sodium, potassium, etc., which behave as if they contained

a single electron orbiting a shielded core. However, for other

elements the theory is not in very good agreement with experi-

ment and naturally becomes extremely complicated when the

interaction between the electrons has to be taken into account.

H=5

Fig. 22.
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But, none the less, the general statement that the energy levels

of all atoms are quantised, and (hat characteristic spectra of
the elements come from the transitions of the electrons from
one allowed orbit to the next, remains true.

The empirical verification that the energy levels of atoms
are quantised was produced by Franck and Hertz in 1914,

Their apparatus is sketched in Fig. 23. Electrons arc emitted
from the cathode C by heating it. They arc then accelerated

towards the anode A under an applied potential V. The anode
is made in the form of a grid so that some of the electrons

may pass through it. Behind the anode there is a plate P,

between it and the anode there is a small retarding potential

V
r , If the electrons have enough kinetic energy on passing

the anode to overcome this retarding potential, they will reach

the plate and a current /will flow in the circuit. If the tempera-
ture of the cathode is such that the electrons are Just emitted

but have no kinetic energy, then any kinetic energy they may
possess on reaching the anode must come from their loss in

Voltage V

Fig. 24.

potential energy in moving from C to A, this having a maxi-
mum value of e V. A plot of the current / is made against the
applied voltage V, resulting in a curve similar to that sketched
in Fig. 24.

We sec that at a series of discrete voltages there is a sudden
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sharp drop in the current, i.e. in the number of electrons

reaching the plate per second. Thus we may assume that a

substantial number of the electrons have lost some of their

kinetic energy to the atoms of the gas between the cathode

and the anode, and hence do not have enough kinetic energy

left to overcome the small retarding potential V
t . Amongst

other things we see that the atoms can only receive their

energy in discrete amounts corresponding to the potentials

Kj, Vt , F3, . .. in Fig. 24. Moreover, these potentials are found

to agree very accurately with the discrete absorption spectra

of vaporised elements.

THE WILSON-SOMMERFELD QUANTISATION RULES*

The work of Planck, Einstein and Bohr had certainly given

striking agreement between theory and experiment for black-

body radiation, the photo-electric effect and the spectral lines

of hydrogen, although the bases of the postulates that had

been required for these new theories were stilt completely

obscure. In 1916 Wilson and Sommerfeld carried the story

one stage further, when they enunciated the following general

rule for the quantisation of any system in which the co-

ordinates are periodic functions of the time.

For any physical system in which the co-ordinates arc

periodic functions of the time, there exists a quantum con-

dition for each co-ordinate. These quantum conditions are

*\ptj dq=n,Ji

where q is one of the co-ordinates, pq is the momentum
associated with that co-ordinate, *, is a quantum number
taking on integral values and tj> means integration over one
period of the co-ordinate q.

This rule includes as special cases both Planck's postulate

for black-body radiation and Bohr's postulate of angular

momentum quantisation of the hydrogen atom. In Planck's

case, the position of an oscillating body vibrating along the

* This section may be omitted by readers who arc not familiar with
integral calculus.
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A'-axis can be expressed in the form x=x cos m where to

= 2t7c. Its velocity is then given by K- -g>a- sin wf. The
Wilson-Sommerfcld rule then becomes

(Dp* dx = ~&muixQ sin <ot dx= ww2
*,,

2
sin* cat t/i

= r«A"D* W7T— nA. (5.7)

The energy of such an oscillator is E=tynx<?w-, which from
(5.7) gives

E=nkv n=I, 2, 3, .... (5.8)

i.e. the energy of the oscillators is quantised as postulated by
Planck. If we consider Bohr's model of the hydrogen atom
and take as our co-ordinate the azimuthal angle of the electron
in its orbit, the rule becomes

aft

2tt
(5.9)

which is simply a statement of Bohr's second postulate.

If one examines, with very high resolution, the spectral

lines of hydrogen, they arc found not to be single lines but
groups of lines, the spacing between members of the group
being some 10-4 times the spacing between the groups.
Sommerfcld gave the following explanation of this hyperfme
splitting of the spectral lines. The electromagnetic law of
force, like the gravitational force, implies not that the elec-

trons must move in circular orbits but only that they must
move in elliptic orbits (a circle is a limiting case of an ellipse).

There are then two quantisation rules, one governing the
azimuthal angle as before, and another governing the distance
of the electron from the nucleus, which was a constant in

Bohr's circular orbits. In this way, Sommerfeld obtained two
quantum numbers, the principal quantum number n (Bohr's
quantum number) and the azimuthal quantum number n^
which defines the eccentricity of the ellipse. Now, ifan electron
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moves in an elliptic orbit with constant angular momentum

its velocity cannot remain constant, since the radius varies at

different parts of the orbit. If the velocity of the electron is not

constant, then neither will be its mass, according to the

Special Theory of Relativity. Hence the energy will depend

slightly on the eccentricity of the orbit. This splitting pre-

dicted by Sommerfcld's relativistic theory is in very good

agreement with experiment.

SELECTION RULES AND THE CORRESPONDENCE PRINCIPLE

When one examines the theoretical and the experimental

results for the hydrogen atom, one thing is immediately

obvious: not all possible spectral lines arc observed. In fact,

only transitions between states whose azimuthal quantum

numbers differ by unity take place. This is the first example

of what is called a selection rule that we have come across.

To explain the existence of such selection rules, Bohr in 1923

enunciated the correspondence principle. This principle is

stated in two parts and acts as a bridge between classical and

quantum physics:

1. In the limit in which the quantum numbers characteris-

ing the state of a system become extremely large, the pre-

dictions of the quantum theory for the behaviour of the system

must correspond to the predictions of classical physics.

2. Any selection rule holds true over the entire range of the

quantum number concerned. Hence any selection rule which

is required in order to obtain the required correspondence

specified in the first part of the principle in the limit of large

quantum numbers also applies in the limit of small quantum

numbers.

The first part of the correspondence principle is certainly

very attractive. It says, in effect, that we cannot ignore the

many successes of classical physics but must impose them as

limits on our new quantum theory. It is very plausible that

the limit of large quantum numbers should show some

correspondence with the classical theory. For, since the unit

of quantisation is Ac if we consider, for example, the energy

of an oscillator, then the difference in energy hv between the
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levels of energy nhv and (11+ l)hv for large n is insignificant,

i.e. the possible energy levels form a continuum, as they do
for a classical oscillator. The second part of the principle is

a pure assumption, albeit an attractive one, which explains
many of the selection rules observed in the analysis of atomic
and molecular spectra. However, its application does lead to

some ambiguities.

THE SPECIFIC HEATS OF SOLIDS

In Chapter I we introduced a quality called the specific heat*
of a system and found that for a mole of a solid the kinetic

theory predicted that it should have the value 3M~6 cal

deg"' mole-1 in agreement with the observations of Dulong
and Petit. However, at low temperatures where the specific

heat is observed to go rapidly to zero this agreement is

destroyed (see Fig. 25).

The model which leads to the value INk for the specific

Approximately

6

Fig. 25.

Temperature
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heat pictures the solid as consisting of 3N linear oscillators,

the factor 3 coming from the three-dimensionality of space.

Einstein (1906), in attempting to explain the low temperature

behaviour of the specific heat, considered the effect of quantis-

ing the energy of 3A/ linear oscillators assuming that they all

vibrate with the same frequency v. The result of this analysis

is that the average energy of an oscillator is not kT but

ln>[<zxp(hvlkt)- l]
-1 (Appendix B) and hence the specific heat

c r becomes

(ltv\* wpUhvjkT)

v)-3Nk\
[c%p(iiv,kT)-l]s

.

(5.10)

* Throughout, by specific heat, we shall mean the specific heat at
constant volume.

While (5.10) gives the correct qualitative description of the

fall-off in the value of the specific heat at low temperatures,

it is not in very good quantitative agreement with experiment.

However, a minor modification to Einstein's model made by

Debye brought the theory into brilliant agreement with

experiment. Debye replaced the condition that all the oscil-

lators should have the same frequency by the condition that

the oscillators could have any frequency up to some maximum
frequency.

In the limit of high temperatures where kT is very much

ttreater than hv, both the Einstein and the Debye results

reduce to the classical expression 3Nk.

CRITIQUE OF THE OLD QUANTUM THEORY

The theory which we have outlined in this chapter is now
known as the old quantum theory. It has been extremely

successful in explaining the phenomena that we have described

and which were completely inexplicable in terms of classical

physics. However, the theory is altogether unsatisfactory;

it is based on a series of seemingly ad hoc postulates and, for

this reason, if for no other, it appears intellectually unsatisfy-

ing. There arc a number of other unsatisfactory features of

this theory. For instance, the theory only tells us how to treat

systems whose co-ordinates are periodic in time; but there

are many physically interesting systems which are not periodic.

Although the theory tells us the frequency of the quanta



SO THE BASIS OF MODERN PHYSICS

emitted or absorbed when a system changes from one quantum
state to another, we have no way of calculating the rale at

which such transitions take place. We are also left with the

baffling evidence of both a corpuscular and a wave nature of

light, and with no explanation of this strange duality.

In the years following 1924 these questions received careful

scrutiny, and out of the old quantum theory there arose

modern quantum mechanics as developed by de Broglie,

Sehrocdingcr, Heisenberg, PauJi and Dirac. It is with modern
quantum mechanics that we deal in the next chapter.

6. Quantum Mechanics

PARTICLES, WAVES AND THE UNCERTAINTY PRINCIPLE

We have seen in Chapter 2 some very convincing evidence for

the belief that light is a wave propagation. Then, in Chapter

5 we have seen that certain phenomena require for their

description that we should ascribe a corpuscular nature to

light. But we have seen slightly more than this: we have found

that there is a definite relationship between the energy, £, of

a particle, in the corpuscular description, and the frequency,

v, in the wave description given by

E=hv, (6.t)

De Broglie, in his doctoral thesis of 1924, went even further.

He postulated that there was also a definite relationship

between the momentum, p, of the particle and the wavelength,

A, of the wave given by

A=* (6.2)

P

This can be made plausible by noting that

c he
A— -— —

v E
(6.3)

and that the energy carried by an electromagnetic wave is

related to the associated radiation momentum by E= pc. But

de Broglie did not stop there; he went on to suggest that the

relationships (6,1) and (6.2)were not peculiar to light but were

also true for matter.

Davisson and Germer in 1927 set out to test the apparently

wild suggestion. The strongest evidence for the wave nature

of light is the existence of interference and diffraction pat-

terns. These occur when the dimensions of the diffraction slit,

81
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for example, arc of the same order, or smaller, in size lhan
the wavelength of the light. If we consider electrons with a
kinetic energy of approximately 10 eV, their velocity is much
smaller than the velocity of light, and we can calculate the

momentum from the classical expression.

p=mv= \/{2»ii,\mv-)1 \/(2m x kinetic energy)

=il'7xi0-*»gcmr-*,

and hence, according to de Broglie, the corresponding wave-
length is

A=-~4xl0 *cm.
P

This is an extremely small wa%'elength compared with that of
visible light, approximately 1000 times smaller, so we must
look for diffraction slits 1000 times smaller than the usual

optical diffraction grating. Nature is extremely kind and
provides just such a grating. The spacing between atoms in a
solid is of the order of I0"« cm, and hence wc can use the

aligned rows of atoms in a crystal as a diffraction grating to

study the diffraction of electrons or X-rays.

Davisson and Gcrmer carried out such a study and con-
firmed de Broglie's hypothesis; the diffraction pattern obtained
by electrons was of exactly the same form as that obtained by
using X-rays.*

We are indeed now faced with a paradox. We all know, at

least intuitively, what we mean by a particle or a wave, and
surely nothing can truly exhibit both sets or properties. But
here wc sec that if we carry out one class of experiments we
appear to observe properties which wc associate with par-

ticles, e.g. discrete masses, discrete charges, definite energies

• We have used here the diffraction of electrons through a crystal
lattice, whose spacing is assumed known, to observe the wave motion
and calculate an associated wavelength. Obviously this process can be
inverted; knowing the wavelength of, say, X-rays, by studying the
diffraction pattern we can obtain information about the spacing between
the atoms or the crystal. We shall not have space in this small volume
lo discuss Ihc subject of X-ray crystallography, but would just mention
thai it is from considerations of this type that the value of Avogadro's
number used in Chapter 2 could be estimated.

QUANTUM MECHANICS 83

and momenta, etc., and on the other hand, if we carry out

another class of experiments we observe diffraction and

interference patterns typical of a wave motion. If we arc to

hope to set quantum theory on a firm foundation, we must

first understand and resolve this paradox. In order to do this,

let us analyse in some detail what wc mean by a panicle.

Above all else, wc picture an object localised within a very

definite region of space. To define this localised region of

space we would, in principle, place some measuring scale

alongside the particle and read off the exact measurement of

its front and back edges relative to some reference point.

Then, in relation to this reference point, wc would say that

we knew the position of the particle exactly. Suppose wc now

try to do this with an extremely small object. To detect the

particle wc must look at it, i.e. light is scattered off the object

and into our eyes, and hence we see the particle. As the

object gets smaller and smaller, we shall require a shorter

and shorter wavelength in order to see it; many optical

microscopes are illuminated by blue light (short wavelength)

to increase their resolution. Now, as the wavelength becomes

shorter and shorter, according to the de Broglie postulates

the momentum of the light corpuscles increases. Hence we

can increase the accuracy of our knowledge of the position of

a particle at a given time as much as we may wish, but only

at a price. The price we must pay is a loss of information

about the energy and momentum of the particle, because as

the energy and momentum of the light corpuscle increases so

docs the violence of the scattering process. It must be stressed

that this is not simply a difficulty in practice but a limit in

principle set by nature on our knowledge of the universe.

Having the senses which we possess and which are our only

windows on the universe, there is no way in which we can

overcome this balance of information. We can, of course,

extend our senses by using electron microscopes, etc., but on

analysis wc always find the same limit on the maximum

knowledge which we can in principle obtain about a system.

Naturally, these considerations only become important

when we study objects of subatomic dimensions. One can
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hardly imagine a torch beam significantly altering the momen-
tum and energy of a railway engine. In other words, just as

the theory of relativity only became important in systems

moving at velocities near the velocity of light, the problem

of the uncertainty of the momentum of an object only becomes

important in objects of the dimensions of the wavelength of

light, i.e. at the extreme limits of our senses.

Now, in fact, we always have some information about a

particle wc may wish to study. Hven a simple piece of informa-

tion such as the fact that the electron is somewhere in the

laboratory immediately places some restriction on our know-

ledge of its momentum. Admittedly, the restriction in this

case would be very weak, but, none the less, it is a real

restriction. If this is so, then an electron can hardly be

described as a particle, because this immediately implies that

it can be localised in some specific region of space and have

ascribed to it a definite energy and momentum.
What is required in order to describe an electron, or any

other subatomic particle, is something which has built into it

this 'in principle' impossibility of measuring its position in

space and time and its momentum and energy simultaneously

to arbitrary accuracy. Not only this, we should also like a

description which automatically accounted for the observed

wave-particle duality. Such a problem has been familiar for a

long time in mathematics, and its solution forms that branch

of mathematics known as Fourier analysis, where it is shown

that given any arbitrary shaped curve it can be represented

by a linear combination of wave curves of varying amplitudes

and wavelengths. However, if we wish to specify our arbitrary

shaped curve exactly, then in general wc shall require an

infinite number of wave curves, the number of wave curves

required increases as we increase the accuracy with which

we wish to represent our arbitrary curve. If with each wave

curve we associate the de Broglie relations (6- 1 ) and (6.2), then

we see that we have exactly duplicated the problem which we

face when we attempt to measure the position and momentum
of a particle, and thus we can use this type of analysis to

describe the behaviour of subatomic particles. We shall
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represent our particles by groups of waves and call such an

object a wave packet. U wc try to localise our wave packet

in a very definite region of space and time, it will require

many waves to represent it, each with a different wavelength

(momentum) and frequency (energy), i.e. our knowledge of

the momentum and the energy of the wave packet will become

blurred. On the other hand, if we measure its energy and

momentum very accurately; that is, we can represent it through

the de Broglie relations by a single wave, we shall have to

forfeit our knowledge about its position in space and time,

since a single wave is not localised.

Fourier analysis tells us slightly more than this, it also sets

a lower limit on the number of waves, i.e. range of momenta

(wavelengths) Ap required to specify a region with an

accuracy Ax, it is given by

AxAp^hjlir. (6.4)

There is a corresponding relationship in the range of energies

(frequencies) AE required to specify an event within a time

At

AE . At^hlln. (6.5)

The equations (6.4) and (6.5) are expressions of the Heisen-

bcrg Uncertainty Principle, and set limits on the accuracy with

which either the momentum and the position or the energy

and the time of a wave packet can be known simultaneously.

Wc can see now why classical physics was only found in-

adequate at the microscopic limit of the human senses, for A is

an extremely small quantity (approximately 6-6 x 10~"erg s 1
)

and hence the uncertainty principle is only important where

ihe quantities which we are measuring are extremely small.

In fact, if h were zero, classical physics would have given a

correct description of the subatomic world.

By talking about wave packets instead of particles, wc are

provided with the answer to another difficulty which we dis-

cussed in Chapter 2. We indicated that one of the crucial

points in deciding between Newton's corpuscular theory and

the wave theory of light was their predictions concerning the
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refraction of light. You will remember that Newton's theory

required that the corpuscles moved Taster in a denser medium,

while the wave theory required that light travel slower in

denser media. From Fig. 26 we see that Newton and the

wave theorists were, in fact, talking about different velocities,

and we must now distinguish between the group or particle

velocity and the phase or wave velocity of the individual waves

making up the wave packet. The particle velocity is the group

Group velocity

J'r

*-•

I'hasc velocity

Fig. 26.

velocity in the case of an electron, for instance. The group

velocity is also the velocity at which the energy and momentum
are transmitted in the case of an electromagnetic wave. It can

be shown that the group or particle velocity and the wave

velocity are inversely proportional, and hence we have an

explanation for the apparently contradictory predictions of

the two classical theories.

This is all very well. So perhaps we cannot simultaneously

measure the momentum and position of a wave packet, but

we do know that if we have a single electron, or photon, and

pass it through a diffraction grating, wc arc not going to

obiain a complete diffraction pattern; all wc shall obtain is a

single point on the screen where the particle strikes it. How-
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ever, if we take a beam of identical particles and shine them

through a diffraction grating, then we will obiain the appro-

priate diffraction pattern, and this gives us a clue to the

interpretation of the meaning of the wave packet. The

diffraction pattern is nothing more or less than the statistical

distribution of the particles on the screen. Although the

particles arc all identical they each carry an uncertainty in

their exact position and momentum, and this manifests itself

in a statistical scatter of the positions at which the particles

strike the screen; it is just this scatter which we call the

diffraction pattern. Hence the wave packet can be said to

represent the probable properties of the particle, i.e. the

spread of the wave packet sets upper limits on the probable

position of the particle, the range of waves required to repre-

sent the wave packet give the probable values of the energy

and the momentum of the particle.

In a number of simple cases we can show the relationship

between the optical effects (statistical features) and the Hciscn-

berg Uncertainty Principle. In Fig. 27(a) we schematically

QMn**i

MEcrv*x»pe

Fig. 27.
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represent an object being viewed through a microscope. From
classical optics the resolving power or the microscope, i.e.

essentially the accuracy with which its position can be
established is A/sin a, where A is the wavelength of the light

illuminating the object. The total momentum of the light is

/>=A/A, and hence the resultant uncertainty in the momentum
of the object as a result of the light striking it is 2p sin <x,

^J*c=:A/sin a.

AP~2p sin a=(2A/A) sin a

AxAp~2lt.

In Fig. 21(b) we represent the diffraction pattern produced by
a beam of light passing through a single slit of width d. Since

the photons pass through the slit, we know their position

within a distance d. Since the particle could strike the screen

anywhere within any of the maxima, the uncertainty in its

momentum is at least as great as that required to produce the

width of the first maxima, i.e. Ap>,2n sin at/A. Thus AxAp
^(2dsma.,'X)li. But again, by classical optics, 2d sin *= A
and hence

AxAp&h.

We are now left with the problem of how to construct the

wave packet for a particle in some given situation. It wilt

suffice us here simply to slate that two prescriptions were set

forth by Schroedingcr and Heiscnberg in the years 1925-26.

Since then it has been shown that two prescriptions arc, in

fact, equivalent. However, the mathematical sophistication

required to follow these procedures is beyond the scope of
this book.

SPIN, THE EXCLUSION PRINCIPLE AND THE STRUCTURE OK ATOMS

First, let us return to Bohr's theory of (he hydrogen atom.
Here the electron moves in states of definite energy and
momentum, i.e. they must be dcscribable in terms of a wave
of definite frequency and wavelength. If at any space-lime

point the wave packet is to have a unique value, then the

orbit must contain an integer number of wavelengths (Fig.
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28), i.e. the circumference of the classical orbit is 2nr =n\
but the momentum of the particle is given by p=h\\ and

Fig. 28.

hence l-Ttr-nhlp. Now, the angular momentum of a particle

in a circular orbit is simply L=pr, and thus

which is simply Bohr's quantisation rule.

Now let us consider the structure of a many-electron atom.

Our first attempt to construct such an atom might be to put

all the electrons in the lowest Bohr orbit; this, in fact, does

not happen. Classically we might argue that this is because

the electrons, all having the same charge, repel one another,

and thus we might expect some extended distribution of the

electrons over the Bohr orbits providing conditions of electro-

magnetic stability. We would further argue that these Bohr
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orbits would not be the same as those of the one-electron

atom, but would be determined not only by the field of the

nucleus but also by the field of the electron distribution itself

leading to conditions of stability. Such a problem is called a

self-consistency problem, and the calculation was initially

attempted classically by Thomas and Fermi, The results are

not in very good agreement with experiment.

If we examine spectral lines in a strong magnetic field, it

is found that what are single lines in the absence of the iield

are, in fact, multiplels of lines; this is known as the Zeeman
effect. Some splitting of the lines is to be expected, because

although each orbit has a fixed total angular momentum the

direction in which the angular momentum is pointing is not

fixed. Now, since an electron moving in an orbit behaves like

a small magnet (p. 23) and the energy of a magnet in a

magnetic field depends on its orientation relative to the field,

we should expect that different orbits with the same total

angular momentum but with different orientations will

have different energies and hence the spectral lines will be
split. However, this splitting of the parent spectral line is not

completely random, but is the same in every case. A transition

to a state of orbital angular momentum L, where L = IIi;2tt,

/=0, 1,2 will always be split into (21+ 1) spectral lines

when placed in a magnetic field. This can be explained as

follows; not only is the total orbital angular momentum
quantised but, in addition, the orientations of the orbits are

also quantised. This can be put in another way: suppose X,
is the component of the total angular momentum along some
fixed direction, for instance, along the direction of the mag-
netic field, then L- is also quantised, i.e.

i,

=

i#i,/i/2w /«,= /, (/ - 1 ), (/- 2), . . ., - (/ - 1 ),
-

/, (6.6)

and we sec then, that there are, indeed (2/t- 1) possible values

ofm t .

In 1922 Stern and Gerlach set out to measure the possible

values ofmt by sending a beam of atoms through a very strong,

non-uniform magnetic field. Classically the beam should have
been continuously spread out by the magnetic field corre-
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spending to the equal probability of all possible orientations

of the electronic orbits. Quantum mechanically we should

expect the beam of atoms to be split into (2/ t- 1) parts corre-

sponding to the quantisation of the orientations of L. How-

ever, when a beam of stiver atoms which have zero orbital

angular momentum passed through the field, instead of

remaining as a single beam it was split into two parts (see

Fig. 29). Uhlcnbcck and Goudsmit both qualitatively and

Oien
llenm of

unpokuisct]

electrons

*-M
M.'l'llel

Fig. 29.

Two beam*

of potorbed

electron*

SXMsa

quantitatively explained this strange splitting by suggesting

that the electrons themselves spin about their own axis as

they rotate around the nucleus in exactly the same way as

the Earth spins about itself, giving night and day, while

rotating around the sun giving rise to years. The electron spin

is, however, not arbitrary but is itself quantised, having only

one value 5=i/i/2w. The orientation of the spin is also

quantised, having (2 x \ + I), or simply 2, values S; = ±\hj2TTr

and hence giving rise to the observed splitting into two parts.

We see now that whereas in Bohr's simple model of the

atom the orbits of the electrons were labelled by a single

quantum number n, the principal quantum number, we really

require also for the complete specification for an electron

stale the orbital angular quantum number /, a component of

the orbital angular momentum m : , a spin quantum number

S( -^i) and a component of the spin ms(= ±\). It is then an

empirical fact that no two electrons in the same system can

ever have the same complete set of quantum numbers; this

rule is known as the Pauli Exclusion Principle. The exclusion
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principle immediately suggests how nature constructs many-
eleciron atoms. The electrons fill the Bohr orbits one by one,

and only as many arc allowed into each orbit as the exclusion

principle will admit. Thus each Bohr orbit of angular momen-
tum quantum number / will contain a maximum of 2(2/+ 1)

electrons, the factor 2 comes from the two possible orienta-

tions of the spin and the factor (2/+- J) corresponds to the

possible orientations of the orbital angular momentum, then

any additional electrons must start to fill the next orbit.

The Paul! Exclusion Principle is found to be obeyed not

only by electrons but by all particles with a half integer value

for their intrinsic spin quantum number.
In terms of the Pauli principle, we can now understand the

regularities of the Periodic Table (Fig. 30). The lowest Bohr
orbit has n=\, /=»i=0, s=\ and hence is completely filled

when there are two electrons present, one with m,= { and (he

other with m,= -£. The next orbit has « = 2 with /=0 or 1

and hence is completely tilled when it contains eight electrons,

and so on. Thus the vertical columns in the Periodic Table
contain elements with similarities in their electronic structure

and hence their chemical properties, e.g. below hydrogen we
have the alkali metals lithium, sodium, potassium, etc., all

of which have strong chemical reactions and contain a single

electron outside a series of completely filled orbits. Under
helium we have argon, krypton and the rest of the inert gases.

These all have closed shells, i.e. all occupied orbits are com-
pletely rilled and they have very weak chemical reactions and
hence the generic term inert. Thus we see that the Periodic

Table is nothing but a classification of the elements according

to their electronic structure.

The inert gases will be electrically neutral and, consisting

solely of closed shells, they will be spherically symmetric;

hence there will be no electric or magnetic forces between
such atoms, and consequently they will only interact very
weakly. The alkali metals, on the other hand, have a single

electron outside a closed she!! which can easily be removed,
or, as we say, the atom can be ionised The resultant ion will

then have a net positive charge (having lost a negative electron)
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and hence will interact strongly through its electric field

especially with elements like chlorine which require only a
single electron to complete a closed shell, and hence borrow
the sodium electron and acquire as a result a net negative
charge. The positive sodium ion then binds strongly to iho

negative chlorine ion through the ordinary electrostatic

attraction of unlike charges to form sodium chloride (common
salt). In solution, the binding between the ions is not as
strong as it is in the solid state, and the compound molecules
can then be made to dissociate by applying an electric field,

hence the phenomena of electrolysis. Sometimes, as in the
case of magnesium oxide, two electrons are exchanged in

order to produce the closed shell configuration, and in this

case the binding between the ions is, as we might expect, four
times as strong. On other occasions it is advantageous for an
atom with more than one electron missing from a closed shell

configuration to borrow electrons from a numberofatoms with
electrons in excess of a closed shell structure, e.g. an oxygen
atom combines with two hydrogen atoms to form water.

The electron outside a closed shell, or the holes caused by
electrons missing from a closed shell, arc called valency
electrons or holes, and in terms of these much of modern
chemistry finds an explanation.

Let us return to a consideration of the exclusion principle.

Particles which obey this principle are called fermions, after

the Italian physicist Enrico Fermi. These particles appear to

be the building blocks out of which the universe is constructed,
e.g. electrons, protons and others which we shall meet briefly

in the last chapter. Particles which do not obey the exclusion
principle are called bosons, after the Indian scientist Bose.
The bosons have integer multiples of Iij2w for the value of
their spin. (For the statistics of fermions and bosons see
Appendix B.) The only bosons that we have met so far are
photons,* the particles of light; they have spin I x h/l-ir.

Having unit spin means that there are three possible oricnta-
* We have, ofcourse, also the «- particle which has zero spin, but at the

risk of being out of step with popular modern usage we shall not
consider the i-particle as being as elementary as the photon and other
bosons to be discussed later.
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tions of the spin m,= \, 0, -1. »;,= ±1 corresponds to the

existence of right and left circularly polarised light, and

phonons with »i,=Q do not in fact arise in nature. The ele-

mentary bosons appear to be associated with the fields that

bind the fermions together, e.g. photons arc associated with

the electromagnetic field through which charged particles inter-

act. In the last chapter we shall meet the pious, which appear

to be the analogue of the photons and are associated with the

nuclear field which holds particles together to form atomic

nuclei.

The exclusion principle appears to be nature's way of

carrying out her book-keeping; nature likes to know how

many fermions there arc in the universe. It is rather like an

extremely short-sighted person peering into a room which

contains two identical twins, how could he ever know that

there arc, in fact, two twins? If he waits long enough, one of

the twins will eventually come within his range of vision and

then pass out of it again; some time later he will see another

twin. But how does he know it is not the twin he has already

seen? If the twins are truly identical, the observer can never

lell whether he is seeing the same one over and over again or

whether there are many of them. In the same way, if nature

allowed more than one fermion to have exactly the same

quantum numbers, she could never tell how many fermions

there are. However, if the twins are in different rooms (the

fermions in different quantum states), the observer can go

first to one room and see the first twin and then to the second

room and hence see the second twin, and in this way decide

that there are two of them.

The last point that I wish to make in this discussion of

quantum mechanics is that since the wave packet gives us a

measure of the probability of finding the particle at a given

point in space at a given time and with a g^en momentum

and energy, we can calculate the probability of a transition

from an initial state to some final state and hence predict the

rates of various electronic transitions in atoms, etc. By and

large, these are found to be in excellent agreement with

experiment.



7. Pot-pourri

ELEMENTARY PARTICLES

Prout in 1815 had suggested that all elements were, in fact,

built out of hydrogen atoms, A quick glance at the Periodic

Table (Fig. 30) will suffice to convince that this cannot be so,

since, if it were, all elements would have atomic weights which
would be integers on a scale in which the atomic weight of

hydrogen was unity, e.g. chlorine with an atomic weight of
35'5 contradicts this suggestion. Another observation which
is in conflict with Proul's hypothesis is that while the atomic
weight of helium is four times the atomic weight of hydrogen,

the nuclear and electronic charges of helium are only twice

what they are in the case of hydrogen. A possible explanation

of these phenomena is that atomic nuclei, besides containing

protons (hydrogen nuclei), also contain other particles which
have approximately the same mass as protons but are electri-

cally neutral. Such particles, called neutrons, were suggested

by Rutherford, and empirical evidence for their existence was
put forward by Chadwick in 1932 after studying some experi-

ments by Curie and Joliot. Since the neutrons are electrically

neutral, they cannot affect the chemical behaviour of an atom.
Hence we could construct atoms with the same number of
electrons and photons but with different numbers of neutrons,

and such atoms, while having different atomic weights, would
be chemically indistinguishable; such atoms arc called isotopes

of the same element. By mixing different isotopes into a
chemical sample it is obvious that we can obtain average

atomic weights which arc not integer multiples of that of the

hydrogen atom (e.g. the isotope of chlorine with atomic
weight 35 occurs approximately 80 per cent of the time in

nature, while another isotope with atomic weight 37 accounts

96
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for the remaining 20 per cent of the time, the resultant average

atomic weight is 35-5, as indicated in Fig. 30).

Carbon is taken as the reference atomic weight, because

it possesses one isotope containing six protons and six

neutrons which is very much more abundant than any other.

On the scale with carbon as 12, hydrogen has an atomic

weight of 1-008 corresponding to the existence in nature of

small but measurable quantities of the hydrogen isotopes

deuterium (one proton plus one neutron) and tritium (one

proton plus two neutrons).

The neutron, like the proton and the electron, turns out to

be a fcrmion with intrinsic spin JA/2ir.

The electron and the proton were for many years con-

sidered to be the only truly fundamental particles, but now

the neutron appears on the scene as a new contender for this

title. However, there is one great difference which distinguishes

the neutron from the electron and the proton; whereas the

electron and proton arc stable, i.e. if left to themselves they

will always remain as an electron or a proton, the neutron

will decay into a number of new particles in, on average,

approximately 12 minutes. The most obvious products of this

decay are an electron and a proton, and the immediate

reaction to this is to describe the neutron as a bound slate of

an electron and a proton and return to the situation where

there arc only two elementary particles. However, there must

be another product of the neutron decay, because the electron

and the proton both being fermions with spin \Iij2tt could

only combine to form a particle with spin of cither 0A/2ir or

Ihllir, i.e. a boson. The other product of the decay must

indeed be a strange particle; since the electron and the proton

satisfy the charge and mass requirements of the neutron, it

can have very little mass and must be electrically neutral. On
the other hand, it must possess an intrinsic spin of i/i/27r, i.e.

be a fermion. This particle is called a neutrino; it turns out to

be stable and its rest mass appears to be Identically zero.

At this stage we would appear to have four fundamental

particles, if we neglect the neutron. There is one boson, the

photon, and three fermions: the neutrino, the electron and the
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proton. As if this was not enough, in J 938 the Japanese

physicist Yukawa postulated the existence of a new particle,

to be called the meson. This particle was to be a boson and
was to play the same role in connection with the field of force

which holds the nucleus together that the photon plays in the

electromagnetic field which causes the interaction between

charged particles. Yukawa, from considerations of the range

and strength of nuclear forces, predicted that the meson would
have a mass of approximately 273 electron masses. In J 939
a new particle was discovered as a product of cosmic rays

(radiation, sometimes of extremely high energies, falling on

to the Earth from outer space). It was immediately assumed
that this new particle was Yukawa's meson and it was named
thefi-meson, or simply muon. However, a closer study revealed

that this new particle was a fermion with a mass of approxi-

mately 240 electron masses and a negative charge. In many
respects this muon behaved like an overgrown electron. It

was an unstable particle decaying in a time of the order of
2x I0~" seconds into an electron and two neutrinos. It most
certainly did not interact strongly with either the neutron or

the proton, as it should have done were it the- Yukawa meson.

And so the search began anew for the Yukawa particle now
known as the m-meson, or simply the pion; eventually it was
discovered by Powell in 1945 at Bristol. But the proliferation

of particles does not end here, for instead of there simply

being one pion there turned out to be three distinct types: two
of fhem carried electric charges identical to those found on
the electron and the proton, while there maining one was
electrically neutral.

Since the Second World War, especially with the advent

of the giant particle accelerators, the number of known
particles has multiplied many times. Many new heavy fermions

and heavy bosons have been discovered, and even old friends

have revealed unsuspected depths. For example, it appears

that there is not one neutrino but two; and in case you worry
how there can possibly be two, electrically neutral massless

objects spinning about themselves which can be distinct, the

property which distinguishes them is that one set will only
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interact with electrons, while the other prefers the company

of muons.

The nightmare is not yet over, because if we look back to

equation (3.34) we see that there are, in fact, two solutions

E=±V(.c3pi +mt>

1c^. (7.1)

Initially the negative solution was simply ignored as being

physically meaningless; after all, no one has ever observed a

free particle in a negative energy state. Dirac suggested that

this was because all the negative energy states were filled and

the Pauli Exclusion Principle would then prohibit any other

fermions from entering these slates. In other words, the uni-

verse is set against a back-drop of a sea of full negative energy

states, and we can only observe events which lie above this

sea, i.e. particles in positive energy states. However, if we had

enough energy we should be able to pluck a particle out of

this sea and raise it to an observable positive energy state

(Fig. 31). Such a particle would leave behind a hole in the

negative sea. This hole, or onlipatticle, as it is now called,

will behave in all respects like the particle which used to fill

it, except that all its characteristic properties will be reversed.

In 1932 Anderson discovered the first anliparticles while

studying cosmic ray showers; this was the positron, or positive

electron.

The energy required to produce an antipartide is 2m6c-

(or approximately 1 McV in the case of electrons). Such

enormous energies are now available, and in fact the con-

struction of a machine capable of generating 300 000 MeV is

at present being contemplated, and many heavier anti-

particles have been produced. When a particle and an anti-

particle collide, both particles vanish, leaving behind only a

vast amount of radiant energy.

It is no longer fashionable to talk about negative energy

states but rather to use phrases like "particles going backwards

in time' or indeed to give up all attempts at providing a

descriptive picture of events and simply talk about positive

and negative frequency solutions of the relativistic wave

equation.
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For many years the vast number of fundamental particles

provided a bewildering spectacle. Most of the particles arc

j i
Energy
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Observable positive

energy slates

-f-'Koe
3

Hole

-WoC3

Negative energy sea

Fig. 31.

extremely unstable and decay into other particles, which in

turn also decay - the whole process of continual interchange

going on continuously until the whole picture of what is truly

fundamental and what is merely transitory appears to lose all

meaning.

Within the last few years a new pattern has slowly emerged
from this apparent chaos, at least for the baryons, i.e. the

neutron and proton and heavier fermions, together with the

heavy bosons which take part in the interactions between
these fermions. Following a suggestion by the Japanese
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physicist Ohnuki, Ne'eman, Gcll-Mann and Salam have

presented us with a classification scheme for the baryons.

Using this classification scheme, it has been possible to predict

the existence of, and properties of, several new particles which

have subsequently been observed in high energy experiments.

It is rather like having the Periodic Table of Elements without

knowing anything about atomic structure. Before we can

hope to answer any of the questions as to why the classification

scheme should be as it is, we shall require to know a lot more

about the actual structure of the elementary particles. As

always, the most difficult questions remain unanswered. Why
do the particles have the discrete masses that they do have?

Why do they spin as they do, and why is there a unit of spin?

Why arc they electrically charged, and why is there a unit of

electric charge? And, finally, what, if any, is the relationship

between the four basic forces in the universe: gravity, weak

(the force through which the neutrino and the electron

interact), electromagnetic and nuclear?

HSSION AND FUStON

In the previous section we mentioned nuclear forces fre-

quently. That there is a need for such forces is obvious, be-

cause if they did not exist the electrostatic repulsive forces

between the protons would blow every nucleus in the universe

to pieces. From the simple observations which we have already

made, we can tell a considerable amount about the force

between nuclcons (neutrons or protons). Firstly, it has a much

shorter range than the electromagnetic force, because the

a-particles in Rutherford's scattering experiment were repelled

by the nuclei. However, the nuclear force must become much

stronger, and attractive, at shorter distances in order to com-

bat the electrostatic repulsion. Finally, at very short distances

the nuclear force must become repulsive, or else all nuclei

would simply collapse as the nucleons came closer and closer

together. Experiments suggest typical values of 1 -5 x 10"13 cm
for the range of the attractive part of the nuclear force, and

0-5 x 10~ IS cm for the range of the repulsive core. The force

between two neutrons or a neutron and a proton appears to
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be identical to the force between iwo protons, apart from the

ordinary electrostatic repulsion. Thus, adding neutrons to a

nucleus simply increases the overall binding of the nucleus,

while adding a proton may help the binding in the vicinity

of the proton but will act as a repulsion to another proton on

the far side of the nucleus which is out of range of the first

proton's nuclear attraction. From considerations of this type,

one can calculate the equilibrium number of neutrons and
protons in any nucleus. The result is that for many light nuclei,

from helium with an a-particle nucleus, i.e. two protons and

two neutrons, to calcium with 20 protons and 20 neutrons,

the equilibrium configuration contains as many protons as

neutrons. However, as the mass increases so docs the effect

of the electrostatic repulsions, and hence in heavier nuclei

an excess of neutrons over protons is required for equilibrium,

e.g. uranium has 92 protons but approximately 146 neutrons,

depending on the isotope considered. If a heavy nucleus is

unstable, there are three methods by which it can try to estab-

lish stability. Firstly, if there are too many neutrons and not

enough protons it can adjust the balance by converting one

or more of its neutrons into protons and emitting the resultant

electrons; this is known as |9-decay and is the source of the

/?-rays discussed in Chapter 4, Secondly, it can increase the

ratio of the number of neutrons to protons by emitting an

a-particle. Finally, in some cases., e.g. uranium, the nucleus

may fission, i.e. split into two parts. Both daughter nuclei,

being much smaller than the parent, will require fewer neutron

for their stable configurations, and hence in addition to the

two daughter nuclei there will be a number of free neutrons

created. Furthermore, both the daughter nuclei will be much
more tightly bound (i.e. stable) than their parent; that is,

there will be a great excess of potential binding energy, and
this is given out in the form of kinetic energy for the neutrons.

In a small piece of fissionable material the product neutrons

will have passed out of the material before they encounter

another nucleus. However, if the piece of fissionable material

is large enough, the neutrons produced in any one fission arc

likely to collide with another nucleus before escaping from
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ihc material. As a result of this collision, the second nucleus

will fission and hence a chain reaction can be built up extremely

rapidly. The limiting size or a piece of fissionable material

below which a chain reaction will not take place is known as

the critical mass.

In Chapter 2 we saw that heat energy was just a measure

of the internal kinetic energy of the particles in the system.

Hence in a chain reaction in which fission products arc pro-

duced with high kinetic energies we generate a great deal of

heat very quickly.

In an atomic bomb this heat generation is uncontrolled.

Two subcritical masses of uranium are separated by a neutron-

absorbing shield of lead. If the lead is removed and the pieces

of uranium arc forced together to form a total mass in excess

of the critical mass, a chain reaction will set in and a vast

quantity of heat will be generated, together with the emission

of a large neutron flux characteristic of an atomic explosion.

A more useful application of the fission process is to build a

structure of subcritical fissionable masses separated by non-

fissioning, neutron-slowing shields (e.g. carbon) with a

geometry such that the rate at which heat is generated remains

constant and at a level at which it can be used to drive a

turbine. Such a structure is called an atomic reactor, and in one

form or another it is the basis ofmodem nuclear power stations.

Another way of converting potential binding energy into

kinetic energy, and hence heat, is by fusion. The fusion process

takes place at the opposite end of the mass spectrum from

fission. Since, for instance, the a-particle is such a stable

structure, if four hydrogen atoms or two deuterium atoms

can be persuaded to fuse into an a-particic, we shall gain a

great deal of potential binding energy which will be in the

form of radiant energy and kinetic energy. The number of

particles taking part in the fusion process is extremely small,

add hence the share of kinetic energy per particle will be much

greater than in the fission process. Thus much higher tempera-

tures are reached in a fusion explosion (H-bomb) than in

a fission explosion.

Chain reactions based on the fusion process are generally
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believed to be the source of solar and stellar energies.

To date, no satisfactory method of producing a controlled

fusion plant has been announced.

GENERAL RELATIVITY

Throughout this book we have concentrated on the micro-

scopic world; let us now turn briefly to a discussion of the

very large.

In his special theory of relativity we saw that Einstein had

presented us with a host of new ideas concerning the structure

of space and time. However, the theory only applied to

inertial systems, i.e. non-accelerated frames of reference. In

1915, in his general theory of relativity, Einstein extended

these ideas to systems accelerating relative to one another.

This theory, unlike the Special Theory of Relativity, has not

acquired a vast amount of experimental evidence in its favour

in the 50 odd years since its initial introduction, nor has it

yet interacted strongly with any branch of the main stream of

modern physics. However, in recent years there has been a

growing body of opinion which has suggested that in a detailed

study of gravitational theory we may find the answer to some
of the perplexing questions confronting us in elementary

particle physics.

Einstein considered the following gedanken experiment. A
scientist is in the cabin of an elevator which is falling freely

under gravity. There are no windows in the cabin, so the

scientist cannot tell that he is moving by reference to any
external object. Then in this cabin the scientist can carry out
any experiment that he may wish, and he will never be able to

tell whether he is falling freely in a gravitational field or

whether there is simply no external gravitational field at all.

In other words, someone in a frame of reference external lo

the cabin would say there was a gravitational force, while

someone in the frame of reference of the cabin would say

there was no gravitational force. There is perhaps a better

known example of this type of argument: if one is in a frame

of reference which is rotating relative to some object, the

fictitious centripetal and centrifugal forces must be invented
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in order to describe its motion in accordance with Newtonian

mechanics. We have said that the centripetal and centrifugal

forces are fictitious; they arc in the sense that if the frame of

reference is chosen carefully they will vanish. Having con-

sidered his scientist in the elevator cabin, Einstein came to

the same conclusion about gravitational forces; in the correct

frame of reference they would vanish. Then the problem of

the structure of the universe would not be one of dynamics

but simply one of geometry. The correct geometry for this

problem, unfortunately, is not Euclidean but Ricmannian;

that is to say, the space is curved. We should remember that

not only is it curved but that it is a four-dimensional space-

time continuum. Thus the planets do not move round the

Sun in elliptic orbits under the force of gravity, but rather

because the space around the Sun is curved and the planets

are following geodesies in this curved space.*

Einstein found that with the aid of tensor calculus he could

write the laws of physics in a general form valid for all refer-

ence frames. Unfortunately, the mathematics do not lead to a

unique expression for the curvature of space, i.e. a unique

theory of gravity. From amongst the many possible models

Einstein selected the one which appeared to him to be mathe-

matically the simplest, and proceeded to study the predictions

of this model. In particular, there are three very famous

predictions which appear as a novel feature of the new theory.

They are:

1 . Since space is curved in the proximity of a massive body,

light rays passing close to such a body should appear bent.

This is, in fact, observed, and stars seen adjacent to the Sun

during an eclipse appear to have an angular displacement of

1 '75 seconds of arc relative to their position when their rays do

not pass close to the Sun.

• A geodesic is to a curved-space geometry what a straight line is to

a Euclidean geometry. An airliner docs not travel from London to

New York in a straight line; such a suicidal path would take it deep

beneath the Atlantic Ocean. Instead, the airliner travels along the

shortest route between London and New York which is compatible

will) the surface of the Earth being curved, i.e. along a great circle

which is the geodesic for a sphere.
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2. Physical processes taking place where the radius of

curvature of space is very long (i.e. where space curves very

slowly, or, in other words, where there is a high gravitational

potential) take place more quickly than at a point with a

shorter radius of curvature. For example, atomic vibrations

in a massive star would appear to be slower than the same

vibrations on Earth and, consequently, line spectra emitted

by such stars should appear to be shifted towards the red end

of the spectrum.

3. Kepler had demonstrated i hat a body moving in inverse

square law of force (Newtonian gravity) should, if it was a

periodic orbit, move in an ellipse. Now, this is clearly only a

first approximation in the case of planetary motion around the

Sun. Firstly, the Sun is not infinitely heavy, and so rotations

will not be around the centre of the Sun but around the centre

of mass of the Solar System, Secondly, in considering any

particular planet we should include in our considerations not

only the effect of the Sun but also of the other planets. The

net effect of these perturbations is to produce a rotation of the

perihelion of an elliptic orbit; however, the predicted rate of

this rotation as given by a classical calculation and by Ein-

stein's general relativity do not agree. Einstein's theory pre-

dicts a slightly higher rate of rotation; in the case of the planet

Mercury an additional 43 seconds of arc per century, or an

extra complete revolution every three million years. Observa-

tions support Einstein's theory.

There are several rival theories, many of them minor

variations of Einstein's theory, which make similar predic-

tions. The present astronomical observations of very distant

objects in our universe should soon allow us to eliminate

many of the proposed theories. However, it appears unlikely

that empirical observation will present us with a unique theory

in the near Tutorc, because the differences in the predictions

of many of these theories are so fine that it would appear

improbable that the accuracy of experimental measurements

could be improved sufficiently to decide between them.

A more general point should now be made. In this section

we have talked only about laws of gravity, but obviously it is
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a very attractive hope that some day we might be able to

incorporate all laws of force within a single theory. Work on

such a unified field theory has been attempted ever since

Einstein's General Theory of Relativity was put forward.

It is only natural that the first attempts should be to produce

a single theory accounting for both gravity and electro-

magnetism; after all, their classical laws of force are identical

in form. Over the years, little success has been recorded in

tin's difficult task; however, some progress in the gcometrisa-

tion of the electromagnetic field has been made. This still

leaves us with no connection between the theories of gravi-

tational and nuclear forces; in fact, the whole relationship

between general relativity and quantum theory is completely

obscure. However, In recent years the concept of a potential

has become an increasingly complex one in the field of nuclear

physics, and there is growing feeling that much of this com-

plexity arises from our viewing the problem from the wrong

mental frame of reference. Who knows but that the clarifica-

tion which wc seek may lie in the analogous geomctrisation

of the nuclear field.

SYMMETRY AND THE CONSERVATION LAWS

We close this short account of modern physics with a brief

excursion into a subject which is common to all branches of

physics and whose principles were well established in classical

physics. However, it is a subject whose great beauty has only

been completely exposed with the development of modern

physics.

We were introduced in Chapter 1 to (wo conservation laws:

those of energy and linear momentum. Throughout the book

other conservation laws have been implicitly assumed, e.g.

conservation of charge and conservation of angular momen-

tum. We might reasonably ask ourselves, what is the origin

of these conservation laws, if they have an origin, and if not,

are they simple accidents of nature?

If a system has any symmetry, then there will exist a set of

transformations which preserve that symmetry, e.g. a sphere

has a certain symmetry which is preserved by any rotation
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about its centre. In this context, a system could be some

physical process, and one would expect this at least to be

invariant with respect to simple transformations of the

reference frame such as the Lorentz transformation (3.23).

Associated with these symmetry transformations there will

be some physical quantity which generates them, for example,

linear spatial transformations are generated by linear momen-
tum and spatial rotations by angular momentum. Thus it is

clear that in such systems the quantity generating the sym-

metry transformations must be conserved, for, if it was not,

we could use its variation to detect various orientations of the

system, which, since we have said that it is symmetric, we are

unable to do. Thus we see that the conservation of momentum
is nothing but a statement of the fact that the universe appears

to be symmetric with respect to spatial displacements, or, in

other words, the laws of physics as formulated in London
are the same as those formulated in New York, Then, when

we remember that we do not live in a three-dimensional

world but a four-dimensional space-time continuum and that

in this world the fourth component of the momentum vector

is the energy, we see that the conservation of energy merely

gives expression to the observation that the universe is in-

variant with respect to a displacement of time, or the fact

that the laws of physics are the same today as they were

yesterday. Of course, the conservation of mass has, since the

advent of relativity, become absorbed in the conservation of

energy. It is because the gravitational potential depends only

on the magnitude of the radius from its source and not on the

orientation of that radius, i.e. the gravitational potential has

spherical symmetry, that the Earth's angular momentum in

its orbit is constant and that, as a result, the Earth has neither

crashed into the Sun nor flown off into outer space.

We can go on looking for more and more symmetries, and

with each one that we find we know that there must be some
quantity which is conserved. The physical meaning of some
of these symmetries becomes somewhat obscure; thus because

the electromagnetic potential is invariant with respect to

gauge transformations (a purely mathematical operation),
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electric charge is conserved. Other symmetries retain a clear

physical significance; thus the fact that nuclear forces are

symmetric with respect to mirror-like reflections gives rise to

quantity, called ihe parity, which is conserved in any nuclear

process. It is through listing the symmetry properties of the

nuclear potential that we have been able to produce the

classification of the baryons, mentioned in p. 101. However,

many of these symmetries arc not perfect but are obeyed only

approximately. For example, if the symmetry of the nuclear

potential was complete, all baryons would have the same

mass; this they most certainly do not. Thus the symmetry

must be broken slightly, but how and why?

Lastly, while it appears that the laws of physics have had a

space-like and time-like symmetry during man's short study

of them, will it always be so, and has it always been so in the

past? Is it true everywhere in the universe or only in the

proximity of the solar system? These and many questions like

them are unlikely to find speedy solutions. They represent

many of the most exciting, baffling and frustrating intellectual

exercises that man has ever set himself, and no doubt they will

continue to fascinate the human race as long as it is curious

about its physical surroundings.



Appendix A

We have throughout this volume attempted to keep the use

of mathematical techniques to a minimum. However, in

order to keep the size of the book within limits, it has been

necessary to use some mathematical symbols and nomen-
clature which may not be familiar to the reader. In this

appendix we seek to define, without rigour, the terms wc have

used.

VECTOR ALGEBRA

Wc shall restrict ourselves to a simple Cartesian reference

frame formed by three mutually perpendicular axes.

A vector v is defined by its three components (v„ v* v3)

along three axes. The magnitude v of the vector is simply

(vi
a

:

i>2
a + F3-) 1 by Pythagoras's Theorem.

By adding two vectors, we mean that we form a 'vector

whose components arc the sum of the components of the

original vectors, i.e. if u = v -i w then u is the vector

(Vi+Ws, Vi +w.., v,+w£.

To multiply a vector v by a scalar s we form a vector

parallel to v but of length sv, i.e. if u = sv then u is the vector

(jtvj, svt, sv3).

There are two forms of product of the vectors v and w.

Firstly, there is the scalar product written as v . w, which is

1 he scalar VyWj -1- Pi»i+ v3w3 or simply m cos where 8 is the

angle between v and w. Secondly, there is the vector product

written as v x w which is a vector* perpendicular to both v and
w and of magnitude vw sin 8 or simply

(V2W3 - M>,l»a, VaWL
- W3Vlt ViWs - W,V2>.

• Wc draw no distinction in this short appendix between vector and
pscudo-vector quantities.
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Vector quantities clearly depend on the reference frame in

which they are measured. The same is not true of scalar

quantities which are invariant with respect to the frame of

reference.

DIFFERENTIAL OPERATORS AND VECTOR ANALYSIS

It has been assumed that the reader is familiar with elementary

differential calculus as applied to simple scalar functions, i.e.

if/(jr) is a scalar function of the variable x, then 8//Sa* repre-

sents the rate of change of / with respect to x and SPfj&x*

represents the rale of change of the rate of change of/ with

respect to x, etc. For example, if a particle is at the point s on

the *-axis at the time t, then BsjSt is the .v-componcnt of the

velocity of the particle and S^/Sf 1
is the A*-componcnt of its

acceleration.

We introduce the vector differential operator

V ~\lx' S/8z)
m

When we multiply a scalar s by this operator we obtain a

vector called the gradient of s, or simply grad s, which is the

(Ss OS us\—
. i , I -The scalar product of \7 with a vector v

ox oy Sz;

is called the divergence of the vector, or simply div v, which is

( .

V,

+ J? +— J. The vector product of V with the vector v

\ 5jt Sy Sz /

is called curl r and is the vector

/Sva _Svi Sv^Sva H_^i\
\Ty Sz' Sz Sx' Bx Syj'

The scalar product of y with itself is written as y- and it is a

scalar quantity, i.e. acting on the scalar s we obtain the scalar

&*s S!5 S2s
. +.;—+— acting on the vector v wc obtain the vector

1 St*Sat* Sz1Sy*

\ 8** 8**

S%9

Sz^' S*2

'

->', 8ara S'v,

' V +
Sz1 '

SV, SV* S*v;

8*»
+

o>*
+
oV

'3

V7



112 THE BASIS OF MODERN PHYSICS

In lhe case of the electrostatic and gravitational fields, the

field strength for a charge of mass at the origin is radial and

proportional to I /r\ i.e. the vector field is proportional to the

where r=(jcs +j'2 + z!
)
t

. The potential isvector

V 3' r 3' r*)

thus proportional to 1^-, equation (1.3), i.e. v is propor-

r r

as the reader may easily verify.

Many relationships between the differential operators grad,

div and cur! can be obtained; we shall only prove the single

result used on p. 24, namely curl (curl E) grad (div E)

-\?aE. Each side of this equation is a vector, and we shall

establish the equality for the first component of this vector,

the result for the other two components follows in an identical

fashion.

The first component of the right-hand side is

_S/8£,

Sx\ Sx

8£2 S£,W8*£, S2^ S*£A

Sy
+

Sz) \8x*
+

8y*
+

$z*)

BxSy BxSz
--£—£' (A.D

The first component of the left-hand side is

-

&
(curl E),-g

z
(curl E)

5=£2

-l{^B-^±\ 8
(
SE

*
Sej\ S/Sft SEA

J 8z\8x~ Bz)By\ Bx By J Bz\ Bx

S a£^ B-E, B'E
%

8j»S.v SzSjc By* Bz1
(A. 2

Since the order of differentiation is interchangeable, we see

that (A. 1) and (A. 2) are indeed identical.

Relativistic forms

In a rclativistic theory it is convenient to work in a four-

dimensional frame, since now there is no absolute time scale.

APPENDIX A U3

All vectors now have four components, three of them space-

like and one time-like. The fourth component is always

imaginary (in the mathematical sense that it is proportional

to i, the square root of - 1) if a system is chosen in which

the space-like components are real. We content ourselves by

simply giving a few examples of four-vectors.

1. The simple displacement vector becomes (x, y, z, ict)

where c is the velocity of light and / is the time.

2. The momentum vector p becomes {pi,ps,p3, i'E/c) where

E is the energy.

3. The current vector j becomes (j\, /«, /,, icp) where p is

the charge density.

4. The rclativistic analogue of the operator V ' s written as

/ S S S i s \
I_

] and is the vector operator p t-» j-, - - -r 1.

The fourth component of the vector is chosen so that the

scalar product of the vector with itself will be a scalar in the

four-dimcnstonal reference frame.

In this formalism the equations of electromagnetism take

on a new simplicity, e.g. equation (2.4) is simply • j=0, and

the wave equation (2.11) becomes D2E=0, etc.
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In this appendix we attempt a brief introduction to the

statistics of large numbers of particles. No attempt is made
at either mathematical rigour or completeness, since this would

take us far beyond the scope of this small volume.

AVERAGES AND DISTRIBUTION FUNCTIONS

Suppose we make a set of N simple observations and obtain

the results xu xs , , . ,, xy , then to obtain the average result

we simply add them together and divide by the total number
of observations, i.e.

i-i

If the observation x t occurred n, times, the observation xs

occurred nt times, etc., then we could write

<x) =- (/I,*, + Mj*2 (-... + nA.XK) (B. 2)

is a measure of the probability of the result of the observa-

tion being *,, etc. If we denote the probability of the result

being *< by ft, then (B. 2) becomes

N
2 ft Xi

<*>=<£

/-I

(B. 3)

where N is the number of different results of the experiment.

If there are very many results which have a continuous distri-
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bution of values, then we replace the discrete summations in

(B. 3) by integrals

p(x)xdx

<*> 7Z P.4)

J — oc

Since multiplying/CO by a constant docs not change (*>, we

can choose /CO such that f(x)dx= 1. Then /CO is called the
J —

»

probability distribution function, and the probability that a

result will lie in the range x tox+dx is P(.v, dx)=f{x)dx. The

condition that the integral of/CO is unity makes sense, since

it simply asserts that the sum of all possibilities is unity, i.e.

we must obtain some result for our observation.

Suppose that wc make a number of simultaneous observa-

tions of the quantities x, y and z which have distribution

functions /„ft and /3 respectively. Then, the probability that

the results will lie in the ranges x to x+dx, y to y + dy and z

to z+dz is simply the product of the individual probabilities,

i,e. P(x, dx,y, dy, z, dz)=fl(x)fi (y)/3 (z) dz dy dz.

BOLTZMANN STATISTICS

Let us consider the non-interacting gas described on p. 14

and calculate the distribution of velocities.

From the symmetry of the problem it is clear that the

distribution function cannot depend on the direction of the

velocity u but only on its magnitude, w =<«,' + «(' + «»*)'; also,

the distribution functions for each component must be the

same, This means

ftudf(.«dfM=m- 0- 5)

Differentiating (B. 5) by «i and dividing by/(«), we have that

mix)
Bu

O / „ , 5/{K)
/- / Wj/O'i) - -|^- / «/(«).
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and, similarly,
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— / «*/<"*)- -5 / "3/(«a) = -5— / "An). (B. 6)

But each of these expressions is, in turn, only a function of

the variables uu « 2, u3 and u respectively. Hence, for them

always to be equal, we require that they must all be equal to a

constant which we shall choose to write in the form - 1/x*.

Thus

8/-(«) 1

or f{u) = A exp( - « s/a!
)

In order that f{u)du= I then A — lfa^/ir

The average kinetic energy {£"> per molecule is

(E) - -£j- UinuP) cxp( - «»/«V <fc- i/«(f <*'). (B. 8)

However, on p. 16 we expressed the average kinetic energy

per molecule in terms of the temperature T as $kT, Thus

u.-=2kTfin and the Boltzmann distribution function is pro-

portional to exp(- Imu'lkT). The result can be generalised to

particles which have potential as well as kinetic energy, with

the result that the energy distribution function f(E) is pro-

portional to exp( - EjkT).

Suppose that the energy contains a quadratic term, i.e.

E=E*+q*, then the average energy is

<£>= /(£«,+?») exp [ - (£„ +q*)!kT] dfe/Jexp [
- (E, + <?=) ;k T] dq

= Ea + fa* exp( -q'/kT) dqif exp( -q'jkT) dq

=Ea + \kT. (B. 9)

That is, on average the quadratic term contributes \kT to the

total energy.

QUANTUM STATISTICS

Consider an assembly of one-dimensional oscillators, then,

according to the result (B. 9}, they will have an average energy
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of AT (i.e. \kT from the kinetic energy and $kT from the

potential energy). This was the result assumed by Rayleigh

and Jeans in arriving at equation (4.4). Now suppose that the

oscillators are quantised and can only have energies nhv where

n is an integer. Then the average energy is

<£> = 2 nhv exp( - nhv/kT) / X exp( - nhvjkT). (B. 1 0)

The numerator is

/u'cxp(-ftWfcr)[l+2exp(-/fWAT) + 3exp(-zAW*r+ -1

and is simply hv cxp( - tivikT)[\ -exp( - livIkT)]-* by jhe bi-

nomial theorem. The denominator is the sum of a simple

geometric series and has the value [I -exp( - hv/kT)]' 1
.

Thus

<£>= hv[enp{h„/kT) - 1
]"'. (B. 1 1)

Using this result with v c/A, Planck obtained the equation

(4.6) and thus solved the problem of black-body radiation.

Also, if we consider a solid to be made up of 3N such oscil-

lators, then the specific heat is

s4(
WfoH&) -]"")

i.e. Einstein's result referred to on p. 79.

The distribution function [cxp(hv/kT) - 1 ]-' can be general-

ised to any set of quantised energy levels £„ Et , . . ., in which

case it becomes [exp([Et -(t]lkT) -
1
]-' whereat, the chemical

potential, is a reference energy chosen to give

|[exp([£t ^]/A:r)-ll-'= iV,

the total number of particles in the gas, since now we look on

the distribution function as the probability that a particle will

have a given energy, and if we sum over all possible energies

we must cover all particles. This is the distribution function

governing bosons for which the energy levels are quantised,
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but there is no limit on how many particles can enter any
state.

For fermions, the number or particles in any state is either
'

or ), and so (B. 10) becomes simply

(E)= lit- cxp( - kvlkT) [1 + exp( - ItvjkT) ]-». (B. 1 3)

Similarly, this distribution function can be generalised and
becomes [cxp([£»-^]/Ar)+ !] '. We see that for Et much
greater than n the probability of the state being occupied is

very small, for Et =/^ the probability is i and for Et smaller

than /a the probability tends to I (Fig. 32). Thus even at very

A Probability of state wilh energy£k
being occupied

r=o

7>0

Fig. 32.

low temperatures fermion systems have a finite energy struc-

ture. It is this feature which gives our world its physical shape
and prevents it from becoming supcrcondensed. For example,
the volume of an atomic nucleus is approximately lO 3" cm5

,

but the volume of an atom is approximately KH 1 cm 3 even
although the actual volume of the electrons is negligible.
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BASIC ASTRONOMY

Patrick Moore

It is an astonishing fact that although Aristarehus of Samos was

seriously suggesting that the Earth moved round the Sun. his

ideas did not prevail over the Ptolemaic System and it was left

to Copernicus to spark off the great astronomical awakening of

the Renaissance.

In this book Patrick Moore traces briefly the history of

astronomy, developing his narrative into a full account of Earth

and sky, the Sun, the Solar System, the stars, the galaxies, and

quasi -stellar objects, or quasars. Such knowledge does not

come from theorising alone, but from innumerable observations

through the agencies of the naked eye, optical and radio

telescopes, and the spectroscope. The author describes these

instruments together with the principles of their use.

It is also the business of astronomy to speculate about the

origins and evolution of the universe. We are therefore given a

glimpse of the various theories that have been proposed From

the Abbe Lemailre's notion of the primeval atom in the early

1920s to present-day speculations. We are left with the thought

that it is surely the height of conceit to suppose that our

particular Sun is unique in being attended by a life-bearing

planet.

Patrick Moore is well known to the general public through

his other books and his BBC television programme The Sky at

Night. He is Director of the Armagh Planetarium in Northern

Ireland.
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LIFE, MIND AND GALAXIES

V. A. Firsoff

REPRODUCTION AND MAN

Richard J. Harrison

First and foremost an astronomer, Val Axel Firsoff also has a

vast knowledge of experimental facts in biology, chemistry, and
biochemistry. With a fine intuition on the nature of mind in

relation to the rest of physical reality he is able to look on the

natural world with a breadth of vision that is rare nowadays.
In this book he reflects on the origins of life, examines its

chemical basis, and illustrates the possibility of alternative

biochemistries for life elsewhere in the universe. The warp and
weft of his cosmologies! fabric are living things and the

universe, both of which are shown to evolve towards higher

patterns of organisation. En each case experimental evidence

supports the argument.

Perhaps the most controversial part of this work is the

contention that mind is an essential part of physical reality,

which leads the author to discuss the possible relationship

between subatomic physics, consciousness, and free will.

V. A. Firsoff is the author of numerous scientific papers and

has lectured widely to university and other societies on the

subject of the universe. This is his twentieth book.

Control of reproduction demands a full knowledge of

reproductive patterns and organs, and of the factors that

influence them. It demands also that full consideration be

given to the possible dangers of short- and long-term

interference in reproductive events for the purpose of fertility

control.

Professor Harrison therefore describes the biological

characteristics of reproduction in man and compares them with

those exhibited by other mammals. He reviews in simple terms

the essential phases of growth, activity, and control of

reproductive organs and processes, emphasising those features

where increased scientific knowledge might allow control and

improvement of fertility.

Richard J. Harrison is Professor of Anatomy at the London

Hospital Medical College and Fullerian Professor of Physiology

at the Royal Institution. He has written many research papers

on various aspects of reproduction and embryology, and he is

particularly interested in the curious reproductive patterns of

marine mammals such as seals and dolphins.



CSP 4

MOLECULAR BIOPHYSICS

D. Chapman/R. B. Leslie

Molecular biophysics is concerned with the properties of

biological systems; it is directed towards an understanding of

those systems in terms of the physical and chemical properties

of the constituent atoms arid molecules and uses physical

techniques as its main tool for investigation. Molecular

biophysics therefore is the meeting point of biology, chemistry

and physics—an alliance that has produced some of the most
striking discoveries of the twentieth century.

This book describes what molecular biophysics is about. It

ranges from a general introduction to the subject to a detailed

examination of selected topics such as vision and the

transmission of nerve impulses. Further because the conversion

of energy from one form to another in biological systems

involves electron migration we are shown how molecular

biophysics leads into the realm of subatomic events and

therefore to quantum biophysics. Indeed it is part of biophysics

to question the nature of the continuum of understanding

between subatomic events and living things.

Dennis Chapman and Robert Leslie both work at the

Unilever Research Laboratory. Welwyn, where Dr Chapman is

Head of the Molecular Biophysics Unit and also Head of the

General Research Division.

CSP 5

NOISE AND SOCIETY

Michael Rodda

Everyone agrees that noise is annoying but we are not

entirely sure why. Undoubtedly when we speak of noise we are

referring to something unwanted. Efforts have therefore been

made to restrict the amount of noise in society and various

techniques have been developed to assess sound so that the

measure has a psychological meaning. The scientific

measurement of noise is not difficult but its control is

complicated by the fact that instruments do not react to noise

in the way a human being does. The same measured intensity of

sound may be pleasant or objectionable depending on whether

it is produced by a symphony orchestra or a pneumatic road

drill. In turn, even the orchestral sound may appear as

unwanted noise to a non-musical person.

Dr Rodda first defines noise and in subsequent chapters deals

with legal aspects, measurement, occupational deafness, and

the effects of noise on speech efficiency, mental health and

physiological disturbance. He considers also the many sources

of noise in our environment and deals with the genera!

questions of its control in the community. Throughout the

book the author maintains the psychological as well as the

physical approach and presents a personal interpretation of

current knowledge of the subject.

Michael Rodda is Medical Research Council Lecturer in

Experimental Psychology in the Department of Audiology and

Education of the Deaf at Manchester University.



CSP 6

THE IDEAS OF PHYSICS

Ernest H. Hutten

While deliberate experimentation is characteristic of modern
science, it is true to say, with A. N. Whitehead, that "all science

as it grows towards perfection becomes mathematical in its

ideas'. It is important not to misinterpret this view, because the

main import of mathematics in the physical sciences is that it

provides a universal system of symbols rather than a means for

quantitative judgement. The abstract character of mathematics
enables the physicist to push his theories beyond the limits

of ordinary language into the realm of atoms and galaxies.

Confirmation of a hypothesis, however, is not a matter of mere
numerical agreement. It depends on the interpretation of the

mathematical formalism, an interpretation which in the last

resort expresses rational human behaviour.

Dr Hutten develops this theme in relation to the ideas of

physics, and he constantly illustrates the fact that science

—

and in particular, ph^tsics—is a creative activity, that the

external world and the inner world of man are mutually

dependent, and that knowledge is the result of interactions

between them. He shows us how physics exemplifies the way
in which a new theory is built upon an old one, and how the

old theory is in turn corrected by the new one. This is the

correspondence and self-correction which characterises the

'open' mode of scientific thinking. This openness and freedom
makes science the most advanced kind of thought mankind
has so far developed.

Ernest H. Hutten is Reader in Physics. Royal Holloway
College, London University.

CSP 7

ATTRACTION AND REPULSION

Malcolm McCaig

Although there are many situations in which permanent

magnets have a mechanical application, little enough attention

has been given to the subject. In this book Dr McCaig

describes the manner in which permanent magnets exert force

and transmit power. He illustrates the features of permanent

magnets used in simple attracting, holding, and lifting devices,

and those thai can be switched on or off, such as permanent

magnetic chucks. Other applications exploit the property of

repulsion, as in the sheet floater, frictionless bearings, dentures,

and the support of vehicles—suggesting the intriguing problem

of levitation without mechanical contact. Among the many

uses of permanent magnets are also those that relate to

electric motors, generators, magnetic drives, brakes, and

contactless gears. Even to the engineer familiar with

electromagnetic devices much of this account will be novel.

Malcolm McCaig is Assistant Director of Research at the

Central Research Laboratory of the Permanent Magnet Research

Association in Sheffield,



CSP 8 CSP 9

AUTOMATION: ITS ANATOMY AND
PHYSIOLOGY

John Rose

AUTOMATION: ITS USES AND
CONSEQUENCES

John Rose

Beginning with a review of the concept of automation in its

various settings, Dr Rose turns his attention to a detailed

analysis of the three basic features of automated systems

—

computer, feedback, and automatic control.

Tracing back the origin of mechanisation to the first industrial

Revolution, the author makes the distinction between the tools

of the period—machines working under detailed human

supervision—and the tools of the second Industrial Revolution

—computers—which take over from man his control function.

Self-controlling machines, are therefore the subject of

automation. Actuated by computer, the complete automaton

can simulate the workings of the human mind in the execution

of certain tasks. Using feedback action, made effective in the

technology of automatic control, the automaton is able to make

decisions by modifying its own programme of instructions so as

to achieve a given objective.

ft goes without saying that the implications of automation

are tremendous. The reader who wishes to learn about the

present applications of automation, its economic and social

consequences may turn to CSP 9, also by Dr Rose, entitled

Automation: its uses and consequences.

John Rose is Principal of the College of Technology and

Design in Blackburn. With his essay on The problem of

technological barriers he won first prize in the 1 966 international

competition organised by Shell Chemicals Ltd and the British

Association for the Advancement of Science. He is especially

interested in computer- science education.

Although advanced industrial societies are already committed to

automation, where machines and processes are controlled by

computer instead of by man, effective planning for automation

on a large scale demands a more widespread knowledge of the

likely consequences than there is at present.

Dr Rose considers automation in relation to its uses and

describes its mode of operation in industry, commerce, public

administration, banking and so on. This points already to some

of the economic, labour, management, and social problems of

automation with which the author deals in turn. Truly,

automation affects people in every place of employment, not

only on the workshop floor but also in the boardroom. New
skills have to be acquired and greater mental dexterity must be

developed. This is precisely the problem of automation,

because 'one of the greatest pains of human nature is the pain

of a new idea'.

The reader wishing to learn more about the scientific ideas

behind automation may turn to CSP 8, also by Dr Rose,

entitled Automation: its anatomy and physiology.

John Rose is Principal of the College of Technology and

Design in Blackburn. With his essay on The problem of

technological barriers he won first prize in the 1 966 international

competition organised by Shell Chemicals Ltd and the British

Association of the Advancement of Science. He is especially

interested in computer science education.
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